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Abstract: We discuss the distribution of spectra of a direct sum decomposition of an 

arbitrary operator into normal and completely non normal parts. We utilize the fact that any 

given operator  ܶ א ܶ ሻ can be decomposed into a direct summandܪሺܤ = ଵܶ ⊕ ଶܶ with ଵܶ 

and ܶ ଶ are the normal and completely non normal parts respectively. This canonical 

decomposition is preferred to other forms of decomposition such as Polar and Cartesian 

decompositions because these two do not transfer certain properties (for instance the spectra, 

numerical range, and numerical radius) from the original /decomposed operator to the 

constituent parts. This is presumably done since these parts are simpler to deal with.  
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1. Preliminaries 

1.1. Notation and Terminology 
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In this paper, a Hilbert space will be denoted by a capital letter ܪ, while a bounded linear operator 

shall be denoted by ܶ , where an operator means a bounded linear transformation (equivalently, a 

continuous linear transformation) ܶ:ܪ →  ሻ denotes the set of bounded linear transformationsܪሺܤ  .�

from ܪ into itself, which is equipped with the (induced uniform) norm. For an operator ܶ, we denote by ܶ∗the adjoint of  ܶ. The spectrum of ܶ is defined and denoted by �ሺܶሻ = ߣ} א ℂ: ܫߣ − ܶ not invertible}. 

It is a union of disjoint components, namely, the point spectrum ��ሺܶሻ = ߣ} א ℂ: ܫߣ − ܶ is not injective}, 

the continuous spectrum ��ሺܶሻ = ߣ} א ℂ: ܫߣ − ܶ  is injective and ܫߣ − ܶ  has a dense range}  and the residual spectrum ��ሺܶሻ = ߣ} א ℂ: ܫߣ − ܶ is injective and ܫߣ − ܶ has a non-dense range}. ���ሺܶሻ  shall denote the approximate point spectrum defined by ���ሺܶሻ = ߣ} א ℂ: TI  not bounded}. 
An operator T  is said to be: 

An isometry if  ܶ∗ܶ = Unitary if ,ܫ  ܶ∗ܶ = ܶܶ∗ = Hyponormal if ,ܫ  ܶ∗ܶ ൒ ܶܶ∗, 
p-hyponormal if ሺܶ∗ܶሻ� ൒ ሺܶܶ ∗ሻ� where Ͳ < ݌ < ͳ, (p,k)-quasihyponormal if  ܶ∗[ሺܶ∗ܶሻ�−ሺܶܶ∗ሻ�]ܶ� ൒ Ͳ for some positive integer k  and Ͳ < ݌ ൑ ͳ and 

a unilateral shift if there exist a sequence {ܪ଴, ,ଵܪ … … … . } of pairwise orthogonal subspaces  

of ܪ such that: 

 ܪ଴ ⊕ ଵܪ ⊕ … … .. 
 ܶ spans ܪ� isometrically onto ܪ�+ଵ. 

For a subspace M of H, the orthogonal complement of M is given by ܯ⊥ = ݑ} א :ܪ < ,ݑ ݒ >= Ͳ for all ݒ א  .{ܯ
2. Introduction 

We first give some results concerning the spectrum of a normal operator. 

Definition 2.1 An operator   ܶ א ܶ∗ܶ   ሻ is said to be normal ifܪሺܤ = ܶܶ∗ (equivalently, if ∥ ݔܶ ݔ∗ܶ∥=∥ ∥ ݔ∀ א  .( ܪ

Definition 2.2 Let ܪ be a Hilbert space, a subspace ܯ of ܪ is said to be invariant under an operator  ܶ ܯܶ ሻ  ifܪሺܤא ؿ ܶ or precisely ܯ ݔ א ݔ ݈݈� �݋݂ ܯ א  .ܯ

We can then state the following result: 

Corollary 2.3 

An operator ܶ א  .⊥ܯ iff ܶ∗ is invariant under ܯ ሻ is invariant underܪሺܤ

Definition 2.4 

A subspace ܯ ؿ ܶ is said to reduce an operator ܪ א   .∗ܶ is invariant under both ܶand ܯ ሻ ifܪሺܤ
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We state and prove the following lemma. 

Lemma 2.5 

A subspace ܯ ؿ  .ܶ are invariant under ⊥ܯ  and ܯ  is said to reduce an operator if both ܪ

Proof 

Suppose ܯ reduces ܶ , then ܯ  is invariant under both ܶ and ܶ∗ . In particular, ܯ  is invariant under ܶ∗implying by the corollary above that ܯ⊥ is invariant under ܶ∗∗ = ܶ. Thus, both ܯand ܯ⊥are invariant 

under ܶ . 

Conversely, suppose both ܯ  and ܯ⊥  are invariant under ܶ, then by the corollary 2.3 above,  ܯ⊥ 

invariant under ܶ imply that ܯ is invariant under ܶ∗.  Therefore ܯ and ܯ⊥ are invariant under ܶ and by 

definition 2.4, ܯ reduces ܶ. 

Lemma 2.6 

If  ܶ is a normal operator, then ��ሺܶሻ = ∅. 

Proof 

Suppose ��ሺܶሻ ≠ ∅ and let ߣ א ��ሺܶሻ. 

By definition, ߣ א ��ሺܶሻ if  ሺܫߣ − ܶሻ−ଵ exist as a map bounded or unbounded but actually means that 

there exist a non zero vector ݔ such that ሺ̅ܫߣ − ܶ∗ሻݔ = Ͳ…………………………………………………………………………..(1) 

Since ܶ  is normal, so is ܫߣ − ܶ. Equivalently,  ‖ሺܫߣ − ܶሻݔ‖ = ‖ሺ̅ܫߣ − ܶ∗ሻݔ‖ for all ݔ א  (2)…..…………………………………………ܪ

 From these two arguments, (1) and (2); ‖ሺܫߣ − ܶሻݔ‖ = Ͳ for ݔ ≠ Ͳ or ሺܫߣ − ܶሻݔ = Ͳ for ݔ ≠ Ͳ 

Therefore ݔ א ��ሺܶሻ. 
This is a contradiction since ��ሺܶሻ ת ��ሺܶሻ = ∅. Therefore, ��ሺܶሻ = ∅. 

Corollary 2.7 

If ܶ is a normal operator, then ���ሺܶሻ = �ሺܶሻ.  

Proof 

From Lemma 2.6 together with the definitions of ���ሺܶሻ it implies that; ���ሺܶሻ ⊇ ��ሺܶሻ ׫ ��ሺܶሻ and since �ሺܶሻ = ��ሺܶሻ ׫ ��ሺܶሻ ׫ ��ሺܶሻ 
Then the result follows by the above corollary. 

 
3. On a Direct Sum of a Quasinormal Operator  
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ZbigniewBurdak (2013), classifies an operator ܶ א ܶ .ሻ as a quasinormal if ܶ commutes with ܶ∗ܶ i.eܪሺܤ ሺܶ∗ܶሻ = ሺܶ∗ܶሻܶ.  Quasinormal operators were first studied by Brown (1953) and it’s quite 

clear that quasinormalـ  normal and thus ܶ can be quasinormal but not normal as illustrated below; 

Example 3.1 

Let ܪ = ݈ଶ and ܶ  be the unilateral shift given by the following matrix 

 

0
0

1

0 1

T

           

Then 

 

ܶ∗ܶ = ܫ ⇒ ܶሺܶ∗ܶሻ = ܶ = ሺܶ∗ܶሻܶ
 

Hence ܶ  is quasinormal. However ܶ∗ܶ − ܶܶ∗ = ݀��݃ ሺͳ,Ͳ,Ͳ, … … . . ሻ hence ܶ  is not normal. 

Notice that if ܶ  is quasinormal so are the powers ܶ�for ݊ = Ͳ,ͳ,ʹ, … ....Brown (1953), showed that every 

quasinormal operator can be written as a direct sum ܶ = ܰ ⊕ ܵ  where ܰ  is the normal part and ܵ the 

dilated shift operator associated with a positive operator. On the study of their spectra, the spectrum of  ܶ has an interior part. ܵ is actually a tensor product and thus �ሺܵሻ is a closed disk given by{ݖ: |ݖ| ൑ ‖ܵ‖}. 
If ܿ > Ͳ, then  ܿ ܶ where ܶ , the unilateral shift illustrated in the example above is completely 

quasinormal with spectrum {ݖ: |ݖ| ൑ ܿ . Thus in conclusion, a compact set �  is the spectrum of a 

completely quasinormal operator ܶ if and only if � = :ݖ} |ݖ| ൑ ܿ}; for ܿ > Ͳ. 

Lemma 3.2 

If ܶ is a (p, k)-quasihyponormal operator, then ܶ has the following matrix representation; ܶ = [ ଵܶ ଶܶͲ ଷܶ] 
where ܶ ଵ is a p-hyponormal operator on  ܴ�݊ሺܶ�̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ሻ and ܶ ଷ� = Ͳ. 

Furthermore, �ሺܶሻ = �ሺ ଵܶሻ ׫ {Ͳ}. 
 
4. On a Direct Summand of a Quasi-*Paranormal Operator 

Definition 4.1 Arora and Thukral (1986) 

An operator ܶ א ݔሻ is said to be quasi-*paranormal if for each vectorܪሺܤ א ଶ‖ܶ∗ܶ‖ ,ܪ ൑ ‖ܶଶݔ‖‖ݔ‖. 

We then state the following results; 

Definition 4.2   

Let ܶ א :ሻbe a quasi-*paranormal operator, then for any scalar λєℂܪሺܤ  ܰ�ሺߣሻ =  (ߣ̅)�ܰ
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If we let ܰ = ܰ�ሺߣሻ, then ܰ  reduces ܶ  and ܶ  restricted to ܰ  is normal. Furthermore ܰ�ሺߣሻ⊥ܰ�ሺߤሻ 

whenever ߣ≠  .ߤ

Theorem 4.3   

Let ܶ א ܶ ሻ be a quasi-* paranormal operator, then  ܶ can be expressed uniquely as a direct sumܪሺܤ =ଵܶ ⊕ ଶܶ  defined on the product space ܪ = ⊕ ଵܪ  ;ଶ such that the following properties are satisfiedܪ

 ଵܶ is normal 

 ଶܶ is a quasi-*paranormal and ��ሺ ଶܶሻ = ∅.  

Proof  

Let ܪଵ =⊕ఒא��ሺ�ሻ ܰ�ሺߣሻ, then ܪଵ is spanned by proper vectors of ܶ. Since ܰ �ሺߣሻ, is a closed subspace, 

1H  is thus a closed linear subspace and therefore ܪ = ⊕ ଵܪ ⊕ ଵܪ =⊥ଵܪ ଶܪ ଶ whereܪ =  .⊥ଵܪ

Let ܶ ଵ be ܶ restricted to ܪଵ and ܶ ଶ be ܶ restricted to ܪଶ .  
Therefore we can write ܶ = ଵܶ ⊕ ଶܶ uniquely. 

Let ݔ א ݔ ,ଵ  thenܪ = ఒݔ + ఓݔ + ⋯  where ݔఒ א ܰ�ሺߣሻ and ݔఓ א ܰ�ሺߤሻ etc. 

Therefore, ଵܶ∗ ଵܶሺݔሻ = ଵܶ∗ ଵܶ(ݔఒ + ఓݔ + ⋯ ) = ߣ ଵܶ∗ݔఒ + ߤ ଵܶ∗ݔఓ + ⋯ = ఒݔߣ̅ߣ + ఓݔߤ̅ߤ + ⋯ = ఒݔߣߣ̅ ఓݔߤߤ̅+ + ⋯ = ߣ̅ ଵܶݔఒ + ߤ̅ ଵܶݔఓ+…..= ଵܶ ଵܶ∗(ݔఒ + ఓݔ + ⋯ ) = ଵܶ ଵܶ∗ሺݔሻ 

Hence ܶ ଵ  is normal. 

Letݔ א ଶܪ , then ݔ = Ͳ + ݔ א ⊕ ଵܪ ଶܪ . Since ܶ  is quasi-*paranormal, then ‖ ଶܶ∗ ଶܶሺݔሻ‖=‖ܶ∗ܶሺͲ ‖ݔ+ ൑ ‖ܶଷሺͲ + ሺͲܶ‖‖ݔ + ‖=‖ݔ ଶܶଷሺݔሻ‖‖ ଶܶሺݔሻ‖ for all ݔ א  ܪ

Now suppose ��ሺ ଶܶሻ ≠ ∅, if  ߤ א ��ሺ ଶܶሻ, then there is a non-zero vector ݔ in ܪଶ such that  ܶଶݔ =  .ݔߤ

Let ܶ ሺͲ + ሻݔ = ଶܶݔ = ݔߤ = ሺͲߤ + ݔ ሻ,  thenݔ = Ͳ + ݔ א ܰ�ሺߤሻ implying that ݔ א is non zero. Therefore ��ሺ ݔ ଵ. This is a contradiction sinceܪ ଶܶሻ = ∅. 

Proposition 4.4 (Wold decomposition), Faulkner and Huneycutt (1978) 

Every isometry is a direct sum of aunitary operator and a unilateral shift. 

Proposition 4.5 

An isometry is completely non normal (c.n.n.) or pure if and only if it is a unilateral shift. 

Proof 

This is trivially true from the inclusion ؿ ݕ��ݐ�݊ݑ  ݈�݉�݋݊ 
The following example clearly illustrates the above proposition. 

Example 4.6 

Let ܪ = ݈ଶ, the space of all square-summable sequences and ܣ the right shift operator, ܣሺݔଵ, ,ଶݔ … ሻ =ሺͲ, ,ଵݔ ,ଶݔ … ሻ.  Then ‖ݔܣ‖ = ݔ for all ‖ݔ‖ א ݈ଶ. 
Since ܣ∗ is the left shift operator, we have that ܣ∗(ܣሺݔሻ) = ,ሺͲ∗ܣ ,ଵݔ ,ଶݔ … ሻ = ሺݔଵ, ,ଶݔ … ሻ =  ݔ
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On the other hand, we have ܣ(ܣ∗ሺݔሻ) = ,ଶݔሺܣ ,ଷݔ … ሻ = ሺݔଶ, ,ଷݔ … ሻ ≠  ݔ

Thus ܣ∗ܣ ≠  is not normal. Therefore a right shift operator is hyponormal but not ܣ implying that ∗ܣܣ

normal (has no direct summand). 

Corollary 4.7 

If ܣ is a hyponormal operator and א ߣ  ��ሺܣሻ, ܣℎ݁݊ �݁� ሺݐ −  .ܣ reduces (ߣ
Corollary 4.8 

If ܣ is a pure hyponornormal operator, then ��ሺܣሻ = ∅. 

Lemma 4.9 

Let ܣ be a p-hyponormal operator for Ͳ < ݌ < ଵଶ, then  ܣ  has a normal summand if and only if A  has a 

normal summand. 

Thus it can be shown that if ܣ is a p-hyponormal operator, then ܣ is normal iff A  is normal and the point 

spectrum of  ܣ consists of normal eigenvalues. 

Lemma 4.5 

If ܣ is a pure p-hyponornormal operator, then ��ሺܣሻ = ∅. 

Proof 

Suppose that ��ሺܣሻ ≠ ∅, then since Ͳ א ��ሺܣሻ, it implies that Ͳ is a normal eigenvalue of ܣ. 

We may assume Ͳ ב ��ሺܣሻ.  

Letߣ א ��ሺܣሻ,≠ Ͳ and let ݔ be an eigenvector corresponding to the eigenvalue ߣ, then, ሺܣ − ݔሻߣ = Ͳ imply that {|ܣ|భమܷ|ܣ|భమ − {ߣ ݔభమ|ܣ| = Ͳ ⇒ܣۃ ≙ ݔభమ|ܣ|ۄߣ = Ͳ implying ܣ̂|ۃ|భమܸ|̂ܣ|భమ − ۄߣ ݔభమ|ܣ̂| = Ͳ and thus ܣۃ ≙ ݔభమ|ܣ̂|భమ|ܣ̂|ۄߣ = Ͳ 

That is ߣ א �� ( A ) = ∅. Since A  is hyponormal, is a normal eigenvalue ofA , Daoxing (1981). 

By lemma 4.5 above, it implies that ܣ has a normal direct summand hence a contradiction since ܣ is pure. 

Therefore, ��ሺܣሻ = ∅. 

5. Conclusion 

Based on the basic notations and definitions in sections 1 and 2, as one of our main results 

concerning the spectrum of a normal operator, in Lemma 2.6, we showed that a bounded linear operator  ܶ is normal if ��ሺܶሻ = ∅. This result was further extended in Corollary 2.7, where it was proved that if ܶ is a normal operator, then ���ሺܶሻ = �ሺܶሻ.  

In section 3, by classifying an operator ܶ א  ሻ as a quasinormal, evidently, it was shown thatܪሺܤ

quasinormal ـ normal and in Example 3.1, we illustrated that the spectrum of  ܶ can be decomposed as 
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a direct sum if ܶ  is quasinormal but not normal. Here, we concluded that a compact set � is the spectrum 

of a completely quasinormal operator ܶ if and only if  � = :ݖ} |ݖ| ൑ ܿ}; for ܿ > Ͳ. 

Following the definition of an operator ܶ א ሻܪሺܤ  being quasi-*paranormal by Arora and 

Thukral (1986), in Theorem 4.3, we proved that ܶ can be uniquely expressed as a direct sum ܶ = ଵܶ ⊕ଶܶ  such that ܶଵ is normal and ܶଶ is a quasi-*paranormal with ��ሺ ଶܶሻ = ∅. In Proposition 4.5, using 

Example 4.6, we showed that an isometry is completely non normal (c.n.n.) or pure if and only if it is a 

unilateral shift. Consequently, in Lemma 4.5, it followed that for a right shift operator ܣ, if ܣ is a pure p-

hyponornormal operator, then ��ሺܣሻ = ∅. 
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