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Abstract: We discuss the distribution of spectra of a direct sum decomposition of an
arbitrary operator into normal and completely non normal parts. We utilize the fact that any
given operatofT € B(H) can be decomposed into a direct summiardT; @ T, with T

and T, are the normal and completely non normal parts respectively. This canonical
decomposition is preferred to other forms of decomposition such as Polar and Cartesian
decompositions because these two do not transfer certain properties (for instance the spectra,
numerical range, and numerical radius) from the original /decomposed operator to the

constituent parts. This is presumably done since these parts are simpler to deal with.
Keywords: Spectra, direct decomposition, normal and completely non normal parts.

Mathematics Subject Classification (2000): 47A10; 47A11; 47A15; 47A25

1. Preliminaries

1.1. Notation and Terminology
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In this paper, a Hilbert space will be denoted by a capital léfteshile a bounded linear operator
shall be denoted by, where an operator means a bounded linear transformation (equivalently, a
continuous linear transformatioff)H — K. B(H) denotes the set of bounded linear transformations
from H into itself, which is equipped with the (induced uniform) norm. For an opefatwe denote by
T*the adjoint of T. The spectrum of T is defined and denoted by o(T) = {1 € C: Al — T not invertible}.
It is a union of disjoint components, namely, the point spectrum o,(T) = {4 € C: Al — T is not injective},
the continuous spectrum(T) = {1 € C: Al — T is injective and Al — T has a dense range} and the
residual spectrum ox(T) = {A € C: AI — T is injective and Al — T has a non-dense range}.

oqp(T) shall denote the approximate point spectrum defined op,y(T)={/1€(C: Al =T

not bounded}.

An operatorT is said to be:

An isometryif T*T = I, Unitaryif T*T = TT* = I, Hyponormalif T*T > TT",
p-hyponormal if(T*T)? = (TT *)P where0 < p < 1, (p,kK)-quasihyponormal if
T*[(T*T)?—(TT*)P]T* > 0 for some positive integek and0 < p < 1 and

aunilateral shift if there exist a sequer{ég, Hy, ... ... .... } of pairwise orthogonal subspaces
of H such that:
® HO $H1 @

e T spans H, isometrically onto H, .

For a subspace M of H, the orthogonal complement of M is givéditby: {u € H: < u, v >= 0 for all
v E M}

2. Introduction

We first give some results concerning the spectrum of a normal operator.

Definition 2.1 An operator T € B(H) is said to be normal ifT*T = TT* (equivalently, ifll Tx [|=II
T*xIVx € H).

Definition 2.2 Let H be a Hilbert space, a subspa€ of H is said to be invariant under an operaloe
B(H) if TM c M or preciselyl'x € M for all x € M.

We can then state the following result:

Corollary 2.3

An operatolT € B(H) is invariant undeM iff T* is invariant undem.

Definition 2.4

A subspacé! c H is said to reduce an operafde B(H) if M is invariant under botfiandT *.
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We state and prove the following lemma.

Lemma 2.5

A subspac@/! c H is said to reduce an operator if bathand M+ are invariant undef.

Pr oof

SupposeM reducesTl’, thenM is invariant under botl andT*. In particular,M is invariant under
T*implying by the corollary above thaf! is invariant undef** = T. Thus, bothMandMare invariant
underT.

Conversely, suppose bofh and M+ are invariant undef, then by the corollary 2.3 aboveyt
invariant undef” imply thatM is invariant undef*. ThereforeM andM+ are invariant undef and by
definition 2.4,M reduced'.

Lemma 2.6

If T is a normal operator, theR (T) = @.

Pr oof

Supposeri (T) # @ and letd € a5 (T).

By definition, 1 € ox(T) if (A — T)~! exist as a map bounded or unbounded but actually means that

there exist a non zero vectosuch that

(A = T = 0 e (1)
SinceT is normal, so idl — T. Equivalently,
NI = T)xl|l = ||[(AT = T*)x|| forallx € H...oooovviiiiiiiiiiiicee e 2)

From these two arguments, (1) and (2);

[|(AI = T)x|| =0forx #00or(Al —T)x =0forx # 0

Thereforex € 0,,(T).

This is a contradiction sineg (T) N 0, (T) = @. Thereforepr (T) = .
Corollary 2.7

If T is a normal operator, then,,(T) = o(T).

Pr oof

From Lemma 2.6 together with the definitionsopf (T) it implies that;
0ap(T) 2 0,(T) U 0,(T) and since o(T) = 0,(T) U 0.(T) U 0x(T)

Then the result follows by the above corollary.

3. On aDirect Sum of a Quasinormal Oper ator
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ZbigniewBurdak (2013), classifies an operdtog B(H) as a quasinormal ff commutes with
T*T i.e.T(T*T) = (T*T)T. Quasinormal operators were first studied by Brown (18b3)it’s quite
clear that quasinormal normal and thu% can be quasinormal but not normal as illustrated below;
Example 3.1

Let H = [, andT be the unilateral shift given by the following matrix

0
1 0
T=|: °

o - 1

Then
T*T=1=>T(T*'T) =T = (T*T)T

HenceT is quasinormal. Howevét*T — TT* = diag (1,0,0, .........) henceTl is not normal.
Notice that ifT is quasinormal so are the pow&f¥or n = 0,1,2, .......Brown (1953), showed that every

quasinormal operator can be written as a direct BV @ S whereN is the normal part anlthe
dilated shift operator associated with a positive operator. On the study of their spectra, the spectrum c
T has an interior pars. is actually a tensor product and tl(s) is a closed disk given b: |z| < ||S|[}.

If ¢ > 0, then cT whereT, the unilateral shift illustrated in the example above is completely
quasinormal with spectrude: |z| < c. Thus in conclusion, a compact sets the spectrum of a
completely quasinormal operatBrif and only ifX = {z: |z| < c}; for ¢ > 0.

Lemma 3.2

If T is a (p, k)-quasihyponormal operator, tlfehas the following matrix representatidh= [Tl Tz]

0 Ts
wher T, is a p-hyponormal operator aRan(T*) andTX = 0.
Furthermoreg (T) = o(T;) U {0}.

4. On a Direct Summand of a Quasi-* Paranor mal Oper ator

Definition 4.1 Arora and Thukral (1986)

An operatorT € B(H) is said to be quasi-*paranormal if for each veeterH, ||[T*T||? < ||T?x||||x]|.
We then state the following results;

Definition 4.2

LetT € B(H)be a quasi-*paranormal operator, then for any séalér N, (1) = NT(/T)
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If we letN = N;(4), thenN reduces’ andT restricted taV is normal. Furthermorf&y'; (1) LN, (u)

whenevenl+# u.

Theorem 4.3

LetT € B(H) be a quasi-* paranormal operator, thErcan be expressed uniquely as a direct Sum

T, @ T, defined on the product spae= H; @ H, such that the following properties are satisfied,
e T;is normal

e T,is a quasi-*paranormal ang (T,) = @

Pr oof

Let Hy =€B,1€Upm Nr(1), thenH, is spanned by proper vectorsiofSinceN; (1), is a closed subspace,

H, is thus a closed linear subspace and theréforeH,; @ Hi= H, @ H, whereH, = H;".

Let T; beT restricted taH; andT, beTrestricted taH, .

Therefore we can writé = T; @ T, uniquely.

Letx € H; thenx = x; +x, + -+ wherex; € Nr(4) andx, € Ny(u) etc.

Therefore, T;T,(x) =T;T; (x,l +x, +- ) AT %y + uTix, + - = = AMx; + Mx, + - = = Ax; +
Apx, + - = = AT, x; + ATy x,+. =T1T1*(x,1 +x, + ) =T,T{ (x)

HenceT; is normal.

Letx € H,, thenx =0+ x € H; @ H,. SinceT is quasi-*paranormal, thejil; T, (x)||=[|T*T (0 +
xll < IT3(0 + xI[IT O + x[I=ITF T ()|l for all x € H

Now suppose, (T,) # @, if u € g,(T,), then there is a non-zero veciom H, such thatT,x = ux.
LetT(0 + x) = Tox = ux = u(0 + x), thenx = 0 + x € Ny (u) implying that

x € H,. This is a contradiction sinagis non zero. Therefors, (T,) = @

Proposition 4.4 (Wold decomposition), Faulkner and Huneycutt (1978)

Every isometry is a direct sum of aunitary operator and a unilateral shift.

Proposition 4.5

An isometry is completely non normal (c.n.n.) or pure if and only if it is a unilateral shift.

Proof

This is trivially true from the inclusionnitary c normal

The following example clearly illustrates the above proposition.

Example 4.6

Let H = [,, the space of all square-summable sequenced #mal right shift operatod (x4, x5, ...) =
(0, x4, x5, ...). Then||Ax|| = ||x]|| for all x € [,.

SinceA* is the left shift operator, we have thiE(A(x)) = A%(0,x, x5, ...) = (1, %3, .. ) = X
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On the other hand, we ha¥éA* (x)) = A(xz, X3, . ) = (X3, X3, ..) # X

ThusA*A # AA™ implying thatA4 is not normal. Therefore a right shift operator is hyponormal but not
normal (has no direct summand).

Corollary 4.7

If Ais a hyponormal operator aicE o, (A), then Ker (A — 1) reducesA.

Corollary 4.8

If Ais a pure hyponornormal operator, thgiid) = @.

Lemma4.9
Let A be a p-hyponormal operator for< p < % then A has a normal summand if and onlyzifhas a
normal summand.

Thus it can be shown thatAfis a p-hyponormal operator, thdris normal iff A is normal and the point
spectrum ofA consists of normal eigenvalues.

Lemma4.5

If Ais a pure p-hyponornormal operator, thgigA) = @.

Pr oof

Suppose that, (4) # @, then sinced € g,(4), it implies that) is a normal eigenvalue df

We may assume & o, (4).

Let € g,(4),# 0 and letx be an eigenvector corresponding to the eigenvaltieen,

(4~ D)x = 0imply that{| Az A[z — 2} |fzx = 0

1 1 1 1 1
=(A 2 )|Alzx = 0 implying (|A|2V|A|? — Ay |A|>x = 0 and thus (A = 1)|A|2|A|2x = 0

That isA € g, (A) = Q. Sincez\ is hyponormal, is a normal eigenvaluezquaoxing (1981).

By lemma 4.5 above, it implies thathas a normal direct summand hence a contradiction girscpure.

Thereforeg, (4) = @.

5. Conclusion

Based on the basic notations and definitions in sections 1 and 2, as one of our main result:
concerning the spectrum of a normal operator, in Lemma 2.6, we showed that a bounded linear operat
T is normal ifax (T) = @. This result was further extended in Corollary 2.7, where it was proved that if
T is a normal operator, then,, (T) = o(T).

In section 3, by classifying an operafbe B(H) as a quasinormal, evidently, it was shown that

quasinormab normal and in Example 3.1, we illustrated that the spectruffy @dn be decomposed as
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a direct sum i’ is quasinormal but not normal. Here, we concluded that a compaCtisstite spectrum
of a completely quasinormal operafoif and only if X = {z: |z| < c}; for ¢ > 0.

Following the definition of an operatdt € B(H) being quasi-*paranormal by Arora and
Thukral (1986), in Theorem 4.3, we proved thatan be uniquely expressed as a direct BumT; @
T, such thaff; is normal and is a quasi-*paranormal wity,(T,) = @. In Proposition 4.5, using
Example 4.6, we showed that an isometry is completely non normal (c.n.n.) or pure if and only if it is a
unilateral shift. Consequently, in Lemma 4.5, it followed that for a right shift opetaioA is a pure p-
hyponornormal operator, then (4) = @.
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