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Abstract

In this article, we formulate an n-dimensional structure of measurable covers for measurable sets. Properties such as

monotonocity, countable additivity and o-finiteness of the projective tensor product of vector measure duality are

largely applied.
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Introduction

Over the years, vector measure integration has been used as a tool for analysis of structural properties of
Banach space functions. Analysts have applied measurability concepts of the Lebesgue measure to construct
measurable covers for certain subsets of the real line. In this paper, we apply multiple integral of vector valued

functions with respect to projective tensor product of vector measure duality to generate measurable covers for
measurable sets in the space R”.
Basic Concepts
1. Projective Tensor Product Vector Measure Duality

Let X,,.....,X, and Z be real Banach spaces with ®:II’ X, — Z being a continuous linear

n

function. If 2 : R — X ,........ , M,:R — X  are countably additive vector measures, then the product
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IT",, is a countably additive vector measure defined on the ring IT' R, generated by sets of the form
E x.... xE .Let G(R),......,G(R) beasetof o -rings generated by rings R, ....... ,R~respectively.

If the extension of the vector measure II" g :T17 R, —II" X, to a vector measure

n

I coincide with respect to a linear function @ :IT7

=1/

I",G(R) > " X,

l

X, —>Z , where
Z=0O(u (E),.creenn M (E)) for w(E)eX,, 1<i<n and II' X, is a Banach space, then

(IT" )y < 1 (E,),z' > is called the projective tensor product of vector measure duality between Z and
itsdual space Z'.

2. Integrable Functions
An IT' G(R,) - measurable function f is said to be integrable with respect to the projective tensor

product of vector measure duality (I1.), <,z > if for every set IT_ E =((e,...e,):

f(e,....e,) #0) eIl ,G(R) there exists an element L L SO u’ €I X, such that

T U122 o] 18010, < 5.2 >
where Z' is the dual space of Z =®(z; (E)),........ J(E)), u(E)eX, for 1<i<n and z'eZ’,

T:L'(A)—>TI_ X, is the operator given by T(f) :I ............. L fo, for A=y x...xu and

fel'(1).
3. Measurable Covers
Let /' be an integrable function with respect to the projective tensor product of vector measure duality

(IT"))g < #4,z' >. Suppose I1' E, and II C, are measurable sets with respect to the ring I1] R, and

o -ring I17 G(R,) respectively. We say that IT" C, =((c,.....,c,): f(c,......,c,) #0) is a measurable

cover of IT' | E, in symbols IT' E®II’ C,, if the following conditions are satisfied; (i) £, = C, for

l
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i=loeon ) i [ ] SOML) g < (4)2'>< [ L[ fOMN)g < (G, =E),2'>  then

AV D for each i=1,...n. Hence, <T (f),Z' >= j L FOT)y < 1 (4),2' >=0.

(Mo /1;‘* (4)

Applying the property of directed projective tensor product of vector measure duality on integrable functions,

(see [1.2,12]), wewrite [ .| fO(I)g < 4 (E),2' >= LUB, [ .| fS(TT), < st (C),2'>
4. Measurable Cover Estimate Technique

Let T1 1 : 11" G(R,) > I1_ X, be a product vector measure.

Suppose I17,C, =((c,...,c,): f(c,,....,c,) #0) isasetina o -ring IT G(R) generated by a ring
IT",R.If IT|E isasetin I1” R suchthat £, cC, for 1<i<n, the set I1" C, is said to be the
best approximation of a measurable cover for a measurable set I1 E, if given a real number & >0, there
exists a measurable set I17 A, such that
[ o] SO < g (4,2 >< [ | SO, < 41 (C,=E)), 2> and

n * !
[ ] SOy < (4),2 >< 2
where f is an integrable function with respect to projective tensor product of vector measure duality

(IT"))y < #4,z' > and z' is an element in the dual space Z' of Z (see [10]). In this case, the measure

i=

of IT" A gives the optimal error between the set I1 E, and its cover I17 C,.

5. o-finite Projective Tensor Product Vector Measure
A projective tensor product vector measure I 2 on a ring 1 R, is said to be o -finite if given

any I E, =N(f)ell R, there exists a sequence (I E, )iy in TI R, such that L ....... .[1 f

Sy < ' (E),2' > < z;;lj ....... jl [ Oy < (E, )2 > and g (E,)<oo for 1<i<n

n

Proposition 1. Let f* be an integrable function with respect to (IT,)q, < .,z "> such that
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L ......... L SOy < i (4),2' >< j ......... L fOTL)y < . (E),2' >

where E, and C, aresetsin R, and G(R.) respectively for 1<i<n.If A is measurably covered by

C, for 1<i<n, then IT_ 4 © IIE,

L ......... L FS")y < ' (E — A4),2' >< j ......... L FS)y < i (Ci—A),2' >

Since A4, is measurably covered by C, for 1<i<n, it follows that < T(n" ot (B A )(f), Z'>=0.
i=1 )0 i i

By integrability of f (see [4,5]), we have I ......... L SO(IT)y <t (E,—A4),z'>=0 . Suppose

J— [ FoU)g <t (402" >< [ [ £OMU)g < (E,=4),2'> . where 4, # 4, for

i, 2i< T(m ot (4 )( f),Z'>=0. As is the case with the integral operator T - with respect to projective
tensor product of vector measure duality (see[9, p. 485]). So J. .......... .[1 fOoI), < u (4,), zZ'>=0
=117, AGIT"_E,.

Proposition 2. Let I1" C, =((c,,.....c,): f(c,.....c,) #0) If a set (II'_E,) is measurably covered by

(I,C,) suchthat I’ E TI E, and TT,C, TII!,C,, then U; I E ©U TI!C,

I

Proof. Since HLEI.A 7 IT E, and H;;Cl.k ) IT",C,, it shown in [8], that

U ITLE, =TI E, and U I, C =TIL,C. Let U, ITV4, be a measurable set with respect to
IT! ,G(R,) such that

[ SO < (UL A2 >< [ ] SO < (U7 (C, =, ),2 >,

It is shown in [12] that each integrable function f with respect to vector measure duality can be identified with
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the operator 7. Therefore, we need to show that X, < (n”) i, )( ),Z'>=0.
Iy 1

that
2 jfa“(n 1)®<,u(A)Z><J ....... jf5(n Do <H(ULL(C, —E, )2 >
<T [ jfa(n Do <4 (Cy=E),2'>= [ o[ SOy < 1 (C,—E),2' >

2211L ....... jl FEUTL) g < (402 >=0<T o (2'>=0

=X, <T (A)(f)Z’> 0

(H )[/lx

Proposition 3. If I1" AGII'_ E and II AGII _ C = N(f), such that

L ....... j £, < 1 (EAC), 2’ >:L ....... j FSM,)y < 1 ((E,—C)U(C,—E)),z" >, then

(f),Z'>=0 and therefore,

T(“,’LI Jo 17 (EAC)
j jfé(n Do < 1 (E), z >_j ...... j FS)y < 17 (C), 2" >
:L ....... jfa(n Do < 1 (E,0C),z' >
=L ........ jf&(n Do < L(ENC),Z' >

Proof. Since I1' AGII'_ E, and II' A®II’ C,, by theorem on monotone classes (see [7] p.13), it follows

that

jﬂ ....... L FSMIL,)y < 17 (4),2' >< j ....... j FSML)y <1 (E.NC),2' >

L ....... J1f§(H”l)®<,u(E (EmC))z><j ....... jfa(n Vo < (E —A),2'>.
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Since 17, 4®II’_ E, then by hypothesis,

! '
< Y;H;I:l)(pﬂ;*(Ei)(f)’Z =< ]EH Do 24 (E; mC,)(f)’Z >
_ '

_< Y:H;LI)([,ﬂ:(Ei*EimF})(f)’Z >—0

It follows that

[ ] SOy < 4 (E=E N C),2'>=0

(see [10], Th.14, p.485)

so that

jﬂ ...... jf5(n Do < (E.~C),z' >=0.

Similarly, since

[ e[ SOMML) g < (4),2>< [ o] FOMTL)G < (B, NC),2" >

st ...... jfa(n Do < 1 (C,—(E, mC)z><j ...... jfa(n Do < (C—A),2'>.
By hypothesis, 1" AOI1_ C, =<T (f),Z'>=0.

(T)g 1 (C—E;0C;)

As a consequence of the integral operator T acting on the integrable function £, (see [11], p. 34), we obtain

L ...... jfa(n Do < 1 (C, - EmC)z>_o:>j ...... jfé(n Do <H(C.—E),z'>

=0L ...... j FST)y < 1 (EAC,),z' >=0.
Now, consider the relation
j ...... j £SOy < 1 (EUC),z >_j ...... Lf&(l'[”l)q) <l (EAC)U(E,NC)),z'>.

Applying results obtained in [6, 11] on vector measure additivity and the symmetric difference of measurable

sets (see [3], p.3), we obtain

L ...... jf&(n Do < 1(EUC), 2! >_j ...... jfa(n Do < 1(EAC),Z' >

+L ...... jfa(n l)®<,u(EmC))z>j ...... jfa(n Do <L (EUC),Z >

Since Il (E,NC)cII_E Il (E UC,) and
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M, (E,NC) e NG, T (B, 0C)[ | SOy < (B, NC), 2>
=[] FOTL), < 1 (B2 >

= [ ] SO, < (€2 >

= [ ] SO, < 41 (B 0C),2" >

Proposition 4. Let IT" E =((e,.....e,): f((e,.....,) # 0) be a measurable set with respect to IT' R .If

J- ...... J. SOy < 14 (E,),z' >< 0, there exists a set I1/,C, e [T, G(R,) such that

L .......... j FS(I")y < ' (E), 2’ >:LUBkL ........... L FEWL)g < g1 (C),2' >

L ...... L FS(I"))y < 1 (E), 2’ >< j ...... j FS )y < 1 (A),2'> N(f)=T1",
by hypothesis, y,,  f<f for f>0=y. . f<x., /. Onapplying the directed projective tensor

product of vector measure duality, we obtain

LUB,[ .| fO(TL)g < st (4),2' >4 [ ] fO(TTL), < 41 (E)), 2> for each k (see [7], p.20), and
L ...... _[1 SO ) < 4 (4),2' ><o0. Let TIIL,Cr=n_TI 4, such that N4 =4 =
4 L 101",C.. ([7], p.20) and ([3], p. 92)

LUBj _[fé(l‘[ Do <M (4),2 >¢LUBj jfa(n Do <4 (C),z'> for cach &,

LUB,[ ] fO(TTL)y < 4 (C),2'>=[ [ fOTL,)g < 4 ()2 >

Proposition 5. Every measurable set I1 E, eIl’ R with o -finite projective tensor product vector
measure has a measurable cover i.e. there exists a set N(f)=II"_,C, in IT G(R,) such that I L f
n

S(ML,)g < 4 (E),2' >= LUB, | ..[ fO(TTL,)y <4 (C),2'>
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Proof. By o -finiteness of the projective tensor product vector measure, there exists a sequence (4, ), in
[T, R, such that I ......... L SO(IT)y <t (U 14, ),z ><oo forall k and

[ | FOMU) g < g (B, 2 S [ | SOML )y < (T 4 )02 >

Suppose

jn ......... Lf5(H"1)@<u (U 4,2 >_j ......... j SOy < g1} (B, O (U], 4, ),2' >
:jﬂ ......... jfd(n 1)®<,u(E)z>—I ......... jf(s(n Do <4 (UL 42>

From Proposition 4, there exists a set Il A, in I1' G(R,) such that IT' 4, ®IT" H, . Define
J— [ £6)g <1 (C).2' >= 27 [ o] SOy < 4] (H, ),2' > From the resuls above,
we obtain 1" E®II" C,. Since E, = C, for 1<i<n hold (see [2]). Now,

J, ], FON )y < 4 (E)).2' >= LUB, | .| 6., < 1 (C).2'>

Theorem 1. If IT" E, = N(f) isa II' R - measurable set of o -finite projective tensor product vector

measure, there exists aset 17 C, in IT G(R/) suchthat IT E®II’ C, and

1

[ ] £8M), < 4(C=E),2'>=0

Proof- By o -finiteness of the projective tensor product of vector measure duality, there exists a sequence
(4, )f, in TI,R, such that
L L FEMT)y < 1 (E,), 2’ >= j L SO < 1 (UL A4, )2 >

and <T (f),Z'>< oo for all k. For each k, choose a set Il H, in Il" G(R,) such that

() 45 (A,)
j ...Lf&(H”Jm <u(4,).7 ><j Jf&(l‘[f])d, <u'(H),z'>. Since N(f)=TI",E,, it follows

that g, f<f for f>0 Define
=114

L ............ jfa(n Do <4 (4,),2 >_j jf(s(n Do <H(ENH)Z>.
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Then,

[ ] ML)y < (B2 >= [ L FOMNL), < 1 (U7 4,2 >
=37 [ ] SO, < a1 (4,),2 >

Since I E, is Il R, -measurable, the sequence of sets (A4, ),_, are II" R -measurable. Therefore,

[ e FOML)g < 1] (4),2' >< 0.
By proposition 4, there exists a set I A, in II' G(R,) such that Il A OIT H,. Define

[ o] FOMULN G < (€2 >= 50, [ | FOMUL) g < 1 (H, ), 2>

S0, [ o[ SOMNL)g <] (C=E),2 5= [ o[ FOMNL)g < 1] (VP (H, = 4,),2)). Since,

IT 4, OI_ H, ., it follows that I L fO(IT)y < 14 (C.—E,),z' >=0.

i
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