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ABSTRACT

The binding number of a graph is an important graph parameter which measures the distribution
of the size of the graph and its related properties including toughness, rapture degree, scattering
number and its integrity. For complete graphs G ~ K,, obtained from commutative finite ring,
some results exist on the bounds of binding numbers. In this paper, we consider an incomplete
but connected zero divisor graph I'( R) associated with a class of completely primary finite ring
R and use standard procedures to compute the binding number bounds, the average binding
number and related graph parameters.
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1 Introduction

The binding number of a graph is a concept that was first introduced by Woodall [18] in an attempt to measure
distribution of the edges of a graph. In addition, various results have been obtained by a number of researchers
on bounds, the binding numbers of specific graphs and the conditions on the binding number that guarantee the
presence of a required subgraph. Goddard in [10] showed that for any graph G on m vertices, bind (G x K,,) =
(nm —1)/(nm — §(G) — n+ 1) for all sufficiently large n and derived a general expression for the binding number
of the lexicographic product G[H] holding for all G and for H with bind(H) > 1.

The study of binding number in graphs is an important research area, perhaps also among the fastest growing
area within graph theory. The reason for the steady and rapid growth of this area may be the diversity of its
applications to both theoretical and real world problems. Recently, interest has been aroused that yielded a
sucession of results covering the cliques and cycles as well as the range values of binding numbers. Linzhung
et al [12] extended the binding humber to the edges and studied the edge-binding number of some plane graph.
They found out that the average parameters to be more useful in some circumstances than the corresponding
measures based on worst-case situations.

In graph theory, binding number refers to the minimum number of edges that need to be removed from a
graph to make it disconnected. It represents the resilience or vulnerability of a graph, as a higher binding number
indicates that more edges have to be removed to disconnect the graph. Bounds in the theory of graphs assist to
establish limits or constraints on certain graph properties. Bounds are crucial in understanding and characterizing
the behavior of graphs in different contexts. The study of the genus and bounds on a graph was done first by
Tamizh in [17] when he analysed some geometric features of the total graph of an arbitrary commutative finite ring
R and the set of Z(R) as its set of all zero divisors.

Tamizh in [17] enumerated certain bounds which were both lower and upper for the genus of finite rings that
are commutative for which total graph has two bounds. They defined a graph in which each pair of unique vertices
is linked by an edge as a graph that is complete and denoted by K,,. A bipartite graph G is the one whose vector
set V(G) can be broken into two subsets V; and V4 such that the set of edges of such graph consists those edges
which precisely link the vertices in V; and V4. In particular if E consists of all possible such edges, then G is said
to be a graph which is bipartite and complete denoted by the symbol K, ,, where |V1| = m and |V| = n.

For an arbitrary commutative ring R with identity 1 as an ideal contained in Z(R) and |I| = A > 3 and|R/I| = u
then the lower bound for the total graph is given as follows,see [17].

(i) If 2 € Ithen g(T(R)) > p[R=2A=4)],

(ii) If 231 then g(T(R)) > [A=A=4)) | (sl Q=27
The upper bound for the graph of the arbitrary ring was summarised in the following theorem :

m

Theorem 1.1. ,see [17], Suppose R is a commutative and Z(R) = | J,_, t; where t;., are ideals of R.
Assume that |t;| = oy and |R;|t;| = 5; fori =1....m
Suppose that2 € t; forall1 <t < jand2>t; forallj+1 <t < m where j = 0 if28Z(R). Then
3 at— 't — m 1— 1—2)° 't — t—
g(T(R)) < (m—1)(|R| = 1) + Zi_, G2 4w, B byjlanz 2 o (lefifonl)y,
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Some important references related to graphs over rings can be obtained from [1, 2, 5, 6, 7, 16].
Now, let G be a graph of order V(G) and use E(G). For v € V(G), the local binding number of v is

bind,(G) = min {'N(S)l}

 SeF,(G) El

where F,,(G) ={S CV(G) |veS,S#3,N(S)#V(G)}. Clearly,
bind(G) = mi bind, (G)} .
ind(G) vénvl?c;){ ind, (G)}

A local binding set of v in G is S € F,(G) such that bind ,(G) = |N(S)|/|S|. Furthermore, the average binding
number of G is defined as

1
binda, (G) = = Y bind,(G),
n

where n is the number of vertices in graph G [4].

In this study, binding number bounds of the zero divisor graphs T'( R) associated with finite rings are obtained.
Furthermore, some results of the average binding number of the zero divisor graphs of classes of completely
primary finite rings are generated. The related theorems of the average binding number and other graph parameters
are provided.

2 Preliminaries

The following results are useful in the sequel.
Theorem 2.1. If G is a graph of order n with the minimum degree §(G), then

5(G)

bind ., (G) > m

Proof. Letv € V(G) and S, be alocal binding set at v. Certainly |N (S,)| = d(v) > §(G). Since N (S,) # V(G), S,
omit all the neighbours of some vertex w, and |S,| < n — d(w) < n — §(G). Thus

_INGS)I L 8(6)

bind, (G) = S Z n=0(G)
Hence
bind av(G):% S bind o(G) > nif()a)

veV(G)

Theorem 2.2. If G is a graph of order n with covering number «(G) and independence number 3(G), then

. a(G)(B(G) +n—1)
bind,, (G) < 3G .
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Proof. Letv € V(G) and M be a maximum independent set of G.

If v € V(M), then there is a local binding set S, € F,(G) that contains all vertices in the maximum independent
setof G, and |S,| = B(G). Then |N (S,)| = a(G) and bind ,(G) = a(G)/5(G).

If v ¢ V(M), then for S € F,(G),|S| > B(G) and |[N(S)| < n — 1. Thus bind ,(G) < (n —1)/5(G). Hence

B(G) (BEGD +a(G) (/g%>

bind,, (G) <

n
_AGBG) +n-1)
np(G)
O
Theorem 2.3. If G is a graph of order n with the minimum degree §(G) and maximum degree A(G), then
. I(G)
>
bind.y (G) > AG) 11
Proof. Letv € V(G). For S, € F,(G),|Sy| < A(G) +1and |N (S,)| = §(G), hence
: o IN (S| 5(G)
= > .
bind, (G) S, EPA(G) 1S, 7 AG)+1
Thus 5(C)
binday (G) = Z bind,( > < @1
vEV(G
O

Theorem 2.4. If H is a spanning subgraph of G, then
bind,, (H) < binday (G).

Proof. Letv € V(G)NV(H) with a local binding set S} € F,,(G) of G. Let’s denote N¢ (S) = N (S}) NV (G) and
Ny (8%) =N (SH)NV(H). Then Ny (SF) C N¢ (Sf) and

N (5D INe (53] -
LEANS N 22 = bind, (G).
S:] B @

Thus by the definition, bind,, (H) < binday (G). O

bind, (H) <

Theorem 2.5. IfG is a graph of order n, then
bind(G) < bind,, (G).
Proof. From the definitions it is clear that for v € V(G), bind (G) < bind, (G). Thus

bind(G Z bind, (G) = bind,y, (G).
veV(G)
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Theorem 2.6. If P, is a path of order n > 3, then

' 17 n/even,
bind ., (P,) = {me% n odd.

272 —4n

Proof. Letv e V (P,) and S, € F, (P,). Case 1: nis even. Since |N (S,)| > |S,| with the equality holds when S,
is a maximum independent set of P,, therefore, bind (P,) = 1 for all v, which implies bind ,, (P,) = 1.

Case 2: n is odd. Let the vertices of P, be pi1,ps,...,p, in order along the path. There is a maximum
independent set that gives the unique independence number 3 (P,) = 4 (n + 1).

For any v in the maximum independent set containing (n -+ 1) vertices, the bind, (P,) is obtained when
|Sy| =B (Py) = 3(n+1)and [N (S,)| = £(n —1). Thus bind , (P,) = (n — 1)/(n + 1).

For any v not in a maximum independent set of 1 (n — 1) vertices, to obtain bind ,, (P,) we require S, as large
as possible without N (S,) being the whole of V (P,), i.e., |S,| = n — 2, for example, S, = {p3,p4,-..,pn}). Thus
bind , (P,,) = (n — 1)/(n — 2). Hence, by the definition

binday (P,) = % ((n+ Dn-1) (=1 1)>

2(n+1) 2(n —2)
20 —5n+3
 2n2 —4n

Theorem 2.7. IfC,, is a cycle of ordern > 4, then

1, n even,
2=l odd.

n—27

bind ., (Cy,) = {

Proof. Letv € V (C,) and S, € F, (C,). Case 1: nis even. For allv € V (C,), if |S,| = r then [N (S,)| > r,
therefore, bind , (C,) > 1. Since there is a local binding set S;; of C,, such that |S;| = 1n, when S; is a maximum
independent set of C,, and |N (S;)| = n. Hence bind ,, (C,,) = 1, for v € V (C,,), and therefore, bind 4, (C;,) =1

Case 2: nisodd. For |S,| =r,thenr <n—0(C,) =n—2and [N (S,)| = r+1. Thus |N (S,)| /|Su| = (r+1)/r.
is a decreasing function of r that has the minimum value when r = n — 2. Hence bind ,, (C,,) > (n — 1)/(n — 2).
Since there is a binding set S; of C,, such that |S| =n—2and |N (S,)| = n—1, thus bind (C,,) = (n—1)/(n—2),
and therefore, bind,y (Cy,) = (n —1)/(n — 2). O

Theorem 2.8. If K,, is a complete graph of order n > 2, then bind,,, (K,) =n — 1.

Proof. Letv € V(K,)and S, € F, (K,). If |S,| > 2, then N (S,) =V (K,,), which contradicts with S, € F, (K,).
Thus |S,| =1and |N (S,)| =n — 1. Hence bind , (K,,) =n—1forallv € V (K,,) and bind ,, (K,) =n—1. O

Theorem 2.9. If K, ; is a complete bipartite graph of order a + b with1 < a < b, then

bind oy (Kap) = 1.
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Proof. LetV (K,p) =V (G1) UV (Gs) be the vertex set of K, ;, where the set V (G1) contains a vertices having
degree b and the set V (G2) contains b vertices having degree a. Forv € V (K,;) and S, € F, (V (Kap)), if
|S, NV (G1)] # 0 and |S, NV (G2)| # 0then N (S,) = V (K,4), a contradiction. This implies that S, C V (G1)
to have N (S,) = V (Gs), or S, C V (G3) to have N (S,) = V (G1). Since for a vertices of v € V (G1), S| < a
and |N (S,)| = b, i.e.,, bind , (K,5) = b/a, and for b vertices of v € V (Ga), |S,| < b and [N (S,)| = a, i.e.,
bind, (K4) = a/b. Therefore,

. 1 b
bind av (Ka,b) = m (aa + bz> =1.

3 A Survey on the Structures of the Zero Divisors of Rings
of Idealization

3.1 Introduction

Suppose GR(p*",p®) is a ring which is Galois of characteristic p* and order p*" ie GR(p*",p®) = Zp-[z]/(f(x)),
where f € Z,:[z] is a monic polynomial of degree » whose image in Z,:[z] is irreducible. Suppose char R = p°
then R has a coefficient subring R, of the form G R(p®", p*) which is clearly a Galois subring of R which is maximal.
Moreover there exists elements mq, mo, ..., m,, € Z(R) and automorphism 41, ds, ..., 0, € Aut(Ry) such that
R=Ry® Z;;l RoM; as (Ro— modules), m;r = r%m; for every r € Ry and any i = 1, ..., h. Furthermore 41, ..., 6,
are uniquely determined by R and Ry. The ideal of R which is maximal is Z(R) = pRo ® Z;‘Zl RoM;. From the
construction above itis seenthat R= Ry U &V & W and

R* = Z,~_1 x (1 + Z(R)) which is a cartessian product of the Abelian groups

Z(R) =pRy® U @V @& W where the Ry— modules U,V and W are finitely generated. It is well known that Galois
Rings are the trivial finite rings which are completely Primary in whose class lie the square radical zero finite rings
[13], the cube radical zero finite rings [9], the power four radical zero finite rings [14], and the five radical index
finite rings [11] which are rings of idealization.

3.2 Square Radical Zero Finite Rings

In [13], the authors constructed commutative completely primary finite R = Ry ¢ U where U is a h—dimensional
Ro—module with a unique maximal ideal Z(R) such that (Z(R)) # (0) and (Z(R))? = (0). It was established that
the Ring constructed was finite of characteristic p or p? with

Z(R)=pRo®U

and
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3.3 Cube Radical Zero Finite Rings

Chikuniji in [9] constructed the ring R = Ry®&U @V in whose subset of all the zero divisors forms a unique maximal
ideal and (Z(R))? = 0 and (Z(R))? # 0. The ring constructed is completely primary finite of characteristics p, p?
or p? whose structure of the zero divisors is as follows:

(i) Z(R) = pRo @ Y_;_; Rour ® 37 ;4 Rougu;

(i) Z(R)*> = p’Ro & Efu‘:l Rou;uy
or (Z(R))2 =pRy @ E?,j:l Rouiu]'

(i) (Z(R))* = (0).

3.4 Four Index Radical Commutative Completely Primary Finite Rings

Owino and Ojiema in [14] constructed rings R = R’ & U & V & W in which the product of any four Zero divisors
is Zero. Moreover their group of units have been characterized. From the well known Raghavendran results [15],
we see that (Z(R))* = (0), (Z(R))? # (0) then the characteristic of R is p, p?, p® and p*. Rings with the above
characteristics were classified as follows:

3.4.1 Rings of characteristic p

Let R = GR(p", p) be the Galois ring of order p” and characteristic p. Suppose U, V and W are finitely generated
R’ modules such that dim g (U) = s, dim g (V) =t and dimg (W) = Aand s +t + \ = h.

Suppose {u1,...,us}, {v1,...,v:} and {wy,...,wy} are the generators of U, V,and W respectively so that R =
R @U@V e W is an additive abellian group, see [14].

Further assume that s = 1,t = 1A =h—2sothat R=R @ Ru@® Rv& Y'_; R'w; and pu = pv = pw; = 0
1<j<h-2.

On R define multiplication as (rg, r1, ...,71)((S0, $1, ---, $n)=(r0S0, r0S1 + 150, T0S2 + r280 + 1151, T0S3 + 380 + 1182 +
281, ...,T0Sh +rpSo + 7182 + 7’251).

It was easy to verify that the given multiplication turned R to be a commutative ring with unit element as (1,0, ...,0).
The structures of the zero divisors are as follows:

() Z(R)=RusRve Y, | Rw;.
(i) (Z(R)?* =Rve Y}, R
(il)) (Z(R))® = Y)_, R'w;.

iv (Z(R))* = (0).
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3.4.2 Rings of characteristic p?

Suppose R’ = GR(p*",p?) is a Galois ring of order p?" and characteristic p?>. Suppose U, V and W are finitely
generated R modules such that dim g (U) = s, dimp (V) =t and dimg (W) = Aand s + ¢t + A\ = h as seen in
[14]

Let {uy,...,us},{v1,...,v:} and {wy, ..., wy} be the generators of U, V, and W respectively so that R = RaUas
V @ W is an additive Abelian group.

Further assume that t = h —1,t = 1A =0 sothat R = R & Y.'"| R'u; ® R'u & R'v where pu; # 0 t>u; = 0,
1<j<sandtv=0. B

On R let mUItipIication be defined as (7”07 T1yeees Th—1, ’I"_h)((kg, k17 ceey kh—la kh)=(7’080+t 22]7:11 7i85,7081+7180, -+, T0Sh—1F
Th—150,T0Sh + ThSo Where 13, ky, € R//tR/.

It is easy to confirm that the given multiplication turns R into a commutative ring with unit element as (1,0, ..., 0).
The structure of the zero divisors is as follows:

() Z(R)=pR &3 5_ R'u; & R'v.
(i) (Z(R))> =pR @t ;_, R'u; ® R'v,

(iii) (Z(R))® =t>_, R'uj.
iv (Z(R))* = (0).

3.4.3 Rings of characteristic p?

Let R = GR(p*',p?) be the Galois ring of order p3" and characteristic p>. Suppose U, V and W are finitely
generated R modules such that dimp (U) = s,dimgy (V) = t and dimgy (W) = Aand s +t+ A = h and
s+t+A=h.

Let {u1,...,us}, {v1,...,0:} and {wy,...,wy} be the generators of U, V,and W respectively so that R = ReUa
V @ W is an additive abellian group, see [14].

Further assume thats = h —1,t =1 A=0sothat R=R & Y.'_| R'u; & R'v where tu; # 0 t>u; = 0,1 < j < s
and tv = 0.

On R define multiplication as (7"0, 71,72, ey Th—1, Tfh)((SO, 81y ey Sh—1, th)=(7“080, 7081+7180, -y T0Sh—1+Th—150, -, TOSR+
rhS0 + Z?J_:ll 7:5;). Where 3, 53, € R'/pZR/ and 7y, s, € R//pR/, 1<j<s

It can be shown that the the given multiplication converts R into a commutative ring with unit element as (1,0, ..., 0).
The structure of the zero divisors is as follows:

() Z(R) =pR & ¥ 5_ R'u; & R'v.

(i) (Z(R))? =p*R @ty )}, Ru; ® Rv.
(i) (Z(R))® = tR v.

iv (Z(R))* = (0).
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3.4.4 Rings of characteristic p*

Let R = G]/%(p4r7p4) be the Galois ring of order p*" and characteristic p*. Suppose U, V and W are finitely
generated R modules such that dim  (U) = k,dimp (V) =pand dimp (W) =Xand s+t + A = h.

Let {u1,...,us}, {v1,...,0:} and {wy,...,wy} be the generators of U, V,and W respectively so that R = RoU®
V & W is an additive abellian group, see [14].

Further assume that k = h,t =0 A =0sothat R=R & Y’_, R'u; where pu; =0,1< j < s.

On R define multiplication as (ro, 71,72, ..., 71) ((ko, k1, -, kn)=(r080, Tok1 + 71ko, ..., rokn + 7hko). Where 7, k; €
R JtR',1<i,j<s.

It can be shown that the given multiplication converts R into a ring which is commutative with unit element
1,0,...,0,0).

'<Fhe structu?e of the zero divisors is as follows:

() Z(R) =pR ® 3 5_; R'uj.
(i) (Z(R))? =p°R’.

(iii) (Z(R))* = p°R’.

iv (Z(R))* = (0).

3.5 Five Index Radical Commutative Completely Primary Finite Rings

These classes of finite rings were recently constructed in [11] and characterised for the unit groups. The construction
in [11] followed the following fashion:

3.5.1 Construction

For1 < s <5,t,r € Z*, let Ry = GR(t*",t*) be a galois ring. Suppose U,V,W and Y are R/pR,— spaces
considered as Ry— modules generated by e, f, g and h elements respectively such that the corresponding
generating sets are {u;,...,ue}, {vj,...,v5}, {wg,...,w,} and y;,...,yp sothat R = Ry UV eW e Y is an
additive abelian group. Then on the additive group, multiplication is defined in [11] as follows:

e f g h e f g h
(ro + Z riu; + Z 85 + Z trwi + Z zlyl) (7; + Z r;ui + Z s;-vj + Z t;cwk + Z leyl)
i=1 j=1 k=1 =1 i=1 j=1 k=1 =1

e f
= ror + p? Z TiTm +pR0 Z [ror; + rir; —|—pR0] u; + Z [(To +pR0)s; + 55 (r; +pR0)+

i,m=1 i=1 j=1
e

g
Z (TVT# + pRo)]Uj + Z [(To +pRo)tk + g (7; +pRo) + Z (7“1' -HDRO)S; + 85 (7“; + pRo)]wk-i-
v,p=1 k=1 i
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h f
Z ro + pRo Zl + 21 (T’ + pRo + Z T + pRo)tk + T (’I" + pRo) Z (Sﬁsir + pRo] Yt
=1 i,k Kk, 7=1

where a = 1, 2, 3 or 4 depending on whether char R = p?, p?, p* or p°. This multiplication turns R into a commutative
ring with identity (1,0,0,0,0).
If Ry = GR(p", p) where CharR = p, then the multiplication reduces to

e f g h e f g h
(ro + Zriui + Zsjvj + Ztkwk + Z zlyl)](r; + ZT;UZ + Z s;vj + Zt;cw;C + Zz;yl)
i=1 j=1 k=1 =1 i=1 j=1 k=1 1=1

=TTy +Z ror + 7Ty uL—i-Z ros —|—3j —|—

e

g
(rar;t)]vj + Z [(rot;ﬁ + tkr;)—}—
k=1

i=1 a,p=1
h f
Z (risj + 81wk + Z [(roz + 2iry) + Z (rity, + ter; + Z (5k8,)]w
1,j=1 =1 i,k=1 K,7=1

4 Binding Numbers of the Zero Divisor Graphs

4.1 Rings of characteristic p

The structures of zero divisors of this class of rings is given by:
ZR)=UsVeWaY

i) (Z(R)?’=VeWaY

iii) (Z(R)? =W eaY

V) (Z(R))' =Y

v) (Z(R))> = (0)

Given a zero divisor graph I'(R) with vertex set V(I'(R)). If x and y are any two vertices of the graph, then z and
y lie in the edge of the graph E(T'(R)) if and only if zy = 0. Using this adjacency property, we have the following
results:

(
(
(
(

Example 4.1. If R is the ring of the construction above, where R= Ry & U &V & W @Y then for charR = p = 2
R=79® 7o ® 7y ® Zy D Zso then the zero divisors will be
Z(R)=Zo ®Zo ®7Zy®Zs Inthiscasep=2,r=1,e=1,f=1,g=1andh = 1.

So the T'(R) is 4— partite with dim(T'(R)) = 2, gr(T(R)) = 3 and b(T(R)) = 1.
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When charR = p = 2 the graph is as follows;

11(0,0,0,0,1) 00.0.4.0)
(0,1,1,1,1) 015 ”2 %

v3(0,0,0,1,1)

(0,1,1,1,0)v1, \‘}k\\

(0a1 51 a051 )U13

(051 11 aOsO)UIQ
5(0,0,1,0,1)
(0,1,0,1,1)vyy
¢(0,0,1,1,0)

(0,1,0,1,0)v10
U7(0,051 ;1 51)
'U9(051505051 U8(0,150’0!O)

Proposition 4.1. Let R be the ring with pu; = 0, pv; =0, pw, =0,py; =0,1 <i<e, 1 <j< f, 1<k <gand
1 <1 < h. Then the graph of the ring R ,I'(R) satisfies the following :

(i) |V(D(R)| = plet/tothir —1

g . (g+i)

(II) b’Lnd'LngnUmbeT, b(F(R)) W

(iii) T(R) is p9T™" partite
Proof. Since Z(R) = UV @ W @Y, we have |Z(R)| = plet/+9+M)" and because the set Z(R)* = Z(R) —
{(0,0,0,0,0)}, it follows that |(Z(R))*| = |V(T'(R)| = pl¢+/*T9+M" — 1 which establishes (i).
Let e, ...,e. € Ry with e = 1 such that €7,...,& € Ry/pR, form a basis for Ry/pR, regarded as a vector space
over its prime subfield F,,. Also let

g9 T h r
Hykp = {Z Z EpWr + Z Z €uyi}

k=1 p=1 =1 p=1
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Then the set Z(R)* is partitioned into the following mutually disjoint subsets;

{szzl P ORI SLIND By euyz} =H, i — {(O, 0,0,0, O)}

Vi = {V =1 25=1 5#’”""2?:1 =1 €nvi+37 4 2=t epwi+30 2 h—1 €uyl } - Z(R >_
U {VZZ:1 Z;=1 5#“”“"‘2?:1 21;:1 EnYi }
wok,j
From the definition of V1, we have the set of neighbours of V; as
N(Vl) = U {VZZ:1 22:1 Euwk"'z?zl Z;:l EnlY }
kg
Clearly ‘N(V1)| - | Uu,k,j {V2i=1 2=t epwi+dory 2= Guyl}| = p(g+h)r — 1. Therefore
V| = |Z(R)| = [N(V3)] = plet/Ho0r — 1 — (pothr — 1)
- p(g+h)r(p(e+f)r _ 1)
Thus the binding number of the graph T'(R) is given by
N plethr 1
b(T(R)) = Vi plthr (plethr — 1)
Since N(V1) # ® and Vi (N (V1) = @ then the sets V; and N(V;) are mutually disjoint and as a result
Z(R*) =V UN(V1). In addition || J(N(V1))| = p9t™7 — 1 and hence T'(R) is pl9+")" partite. O

4.2 Rings of characteristic p?

The structures of zero divisors of this class of rings is given by:
() Z(R)=pRod U VaeWaeY
(i) (Z(R))*=pRoeUaVaWaY
(i) (Z(R)*=pUdpVaeWaY
(V) (Z(R))' =pV @Y
V) (Z(R))® = (0)

Given a zero divisor graph I'(R) with vertex set V(I'(R)). If z and y are any two vertices of the graph, then
x and y lie in the edge of the graph E(T'(R)) if and only if 2y = 0. Using this adjacency property, we have the
following results:

Example 4.2. Let Z(R) =2Z(R) =724 & Zo ® Lo ®Zos @ (Z)a. Inthiscasep=2,r=1le=1f=19g=1,g=1
and h = 1. Then the set of vertices V(I'(R)) is given by

LetZ(R) =2Z(R) =724 @722 ®Zo®Zo® (Z)s. Inthiscasep=2,r=1e=1f=1g9=1,g=1andh = 1.
Then

I'(R) is 8— partite with diam(I'(R)) = 2, gr(T'(R)) = 3 and b(I'(R)) = .
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5

When charR = P? the graph is as follows;

(2,1,1,1,1)1)31 )
(2,1,1,1,0)’030 ([
(2,1,1,0,1)1)29 ]

(2,1 ,1 ,0,0)1)28 o
(2,1 ,0,1 ,1 )’027 o
(2,1 ,0,1 ,0)7)26.

(2,1 ,0,0,1 )U25.
(0,0,0,0,1)v
(2,1 ,0,0,0)024.

(2,0,1 1,1 )1)23.
(2,0,1,1 ,0)U22.

(2a011 5031 )U21.
(2,0,1,0,0)020.

(2505051 ,1)1)19

[ }
(2,0,0,1,0)015®

— 3(0,0,0,1,1
§ U4(010):15050)
N :(0.0,1,0,1)

v6(0,0,1,1,0)

N\ v7(0,0,1,1,1)

v5(0,1,0,0,0)

19(0,1,0,0,1)

v10(0,1,0,1,0)

v11(0,1,0,1,1)
U12(0,1 1 ,0,0)

v13(0,1,1,0,1)

U14(0,1 ,1 ,1 ,O)
U17(250505011 U15(051 51 51 !1)
* .U16(250505050)

Proposition 4.2. Let R be the ring constructed in [11] with pSu; = 0( =1,2; pv; =0, pw, =0, py; = 0,1 < i <e,
1<j<f,1<k<gandl<!l<h. Then the graph of the ring R, I'(R) satisfies the following:

() |[V(T(R)| = ptcetftgth)r _q

(i) b(I'(R)) =
(I+g+h)r_q if.
pUtgthir(pletfr_1) he=1
(I+etgt+h)r _q ife
(p(z+€+g+h>r(z)<e+f)r—1) Q=2
(iii)
(+g+h)r _ j if; ¢ =
[ p partite, i, ¢=1
I'(R) = { p(l+e+9+h)7‘ — partite, if;( = 2.
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Proof. Since Z(R) = pRy @ U @V & W @Y, we have |Z(R)| = p!t¢ct/+9+M)r and because the set Z(R)* =
Z(R) —{(0,0,0,0,0)}, it follows that |(Z(R))*| = |V (T'(R)| = p{1+<¢etf+9+h)r _ 1 which establishes (i).

To establish (i¢) and (iii) (et €1, ...,e, € Ry With e; = 1 such that €1,...,& € Ry/pR, form a basis for Ry/pRy
regarded as a vector space over its prime subfield F,,. For ( =1, let

Hypg= {Zmueu—l—z Z euwk—i-zz:euyl,mue{o Ap)}: 1</\<p—1}

k—1p—1=1 -1 p—1

Then the set Z(R)* is partitioned into the following mutually disjoint subsets;

{VEL=1 myueu+d 9, 21 Guwk-i'zf;l D=1 €nlt } = Hlt,k‘,l - {(Oa Oa 0,0, 0)}

= {VZ;:1 M€t g 2 E“'UH_Z;:I 2= envi+ ko =1 epwi+30 g >l } - Z(R )7
U {VZ;:I muent+3 i =1 epwi+301, D=1 €nll }
kg
From the definition of V1, we have the set of neighbours of V; as

N(Vl) = U {VZ;:1 mpeu+3) 1 31 cpwr 1 21y }
wok,j

_ _ (1 h)r
Clearely [N(V1)| = |U,, 1, {VZL:1 e S Sy et S, ST euy t| =PI — 1. Therefore
Vil = [Z(R)| = [N(V)| = plHetitotior 1 — (phtothy 1)
- p(l+g+h)r(p(e+f)r — 1)
Thus the binding number of the graph T'(R) is given by

Wy < NI ptrerr -1
( ( )) - Vi - p(l+g+h)7' (p(@‘i‘f)?' — 1)

Since N(V1) # ® and Vi (N (V1) = @ then the sets V; and N(V;) are mutually disjoint and as a result
Z(R*) = Vi UN(V1). In addition || J(N(V1))| = p+9+M)7 — 1 and hence T'(R) is p!!T9+M" partite.

For ¢ =2 let

M;gl—{Zmueu+p226uul+ZZeuwk+ZZGMyl,muE{0 Ap)}: 1<)\<p—1}

i=1 p=1 k=1 p=1 =1 p=1
Then the set Z(R) is partitioned into the following mutually disjoint subsets;

{VZ;:1 mu€n+pd iy 22:1 eHuﬁ-EZ:l E;:l 6uwk+2?:1 E;:l Euyl} - H”’k’l o {(0’ 0’ 0’ O’ 0)}
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Vs - - - - =Z(R")—
{ p=1"MMne entd iy Zuzl euu'iJFZf:l Zu:l €nvj +Zi=1 Euzl E#wk+2?:1 Zu:l €nYt } ( )

U {VZL=1 Mu€ntp2 i1 31 entit 3]y =1 w3, 2 =1 €nl }
kg
_ — pltetgt+h)r _
Clearly |N(Vl)| - | Uﬂ»k’j {VZ::I mue+p 35, 22:1 epuitd gy 22:1 E;kaJFZ?:l 22:1 nlYl }| - p( erorir L.
Therefore
|Vv1‘ _ |Z(R)*‘ B |N(V1)| _ p(l+2e+f+9+h)r 11— (pl-i-e-‘rg—i-h,r, . 1)

— p(l+e+g+h)r(p(e+f)r —1)
Thus the binding number of the graph T'(R) is given by

|N(V )| p(l+e+g+h)r -1
b(F(R)) - V; - = (I+etg+h)r (ple+fr
1 p (p -1)

Since N(V;) # @ and Vi N(V1) = @ then the sets V; and N(V;) are mutually disjoint and as a result
Z(R*) = Vi N (V1). In addition | J(N(V1))| = plttetath)r — 1 and hence I'(R) is p(!Tet9+M)7 partite. O

4.3 Rings of characteristic »*

The structures of zero divisors of this class of rings is given by:
() Z(R)=pRod U VaeWaY

i) (Z(R))>=pRo®pU dVOWBY

i) (Z(R))=p*UepVaWaY

V) (Z(R)* =p*V @pW oY

v) (Z(R))® = (0)

Given a zero divisor graph I'(R) with vertex set V(I'(R)). If z and y are any two vertices of the graph, then x and
y lie in the edge of the graph E(T'(R)) if and only if zy = 0. Using this adjacency property, we have the following
results:

(
(iii)
(
(

Example 4.3. Let Z(R) =2Z(R) =2Zs ®Zo ® Lo & Zo ® (Z)2. Inthiscasep=2,r=1le=1f=19g=1,g=1
andh =1. Then

I'(R) is 16— partite with diam(T'(R)) = 2, gr(T(R)) = 3 and b(T'(R)) = <.
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When charR = p? the graph will appear as below;

(6,1 ,V,W,y)Ugo. v2(0,0,0,1,0)

(6a051 sW’y)U29. (050732)(,01:(;,)1 ;0;0)
(6,0,0s1,Y)U28. 'U5(0,0,1,0,1)

(6,0,0,0,1)v,7@ v6(0,0,1,1,0)
U7(01051 31 !1)

(650505050)U26

(4,1,v,w,y)vo5 @ v5(0,1,0,0,0)

(4,0,1,W,y>1)24. 1}9(0,1,0,0,1)

(0,0,0,0,1)v

(4,0,0,1,y)vo3@ v10(0,1,0,1,0)

(4,0,0,0,1)v0@ v11(0,1,0,1,1)

(4,0,0,0,0)U21 U12(Oa1 515050)

(2,1,v,w,y)vy @ v13(0,1,1,0,1)
v14(0,1,1,1,0)
U15(0,1 51 a1 !1)
(250305050)U16

(2,0,1 ,W,Y)Ulg
(2,0,0,1,y)v15@

[ ]
1,
(2,0,0,0,1)v17°

Proposition 4.3. Let R be the ring constructed in [11] with ptu; = 0¢ =1,2,3; pv; = pwy =py; =0, 1 < i <e,
1<ji<f,1<k<gandl<I<h. Then the graph of the ring R, T'(R) satisfies the following:

(f) |V(F(R)| — p(2+Ce+f+g+h)r ~1

(i) b(T'(R)) = o
p(2+;:+}21)7‘(p(e{f)1r,1) if;( =1
(p<2+€e+g+im(,,(e:f)ul) if; ¢ =3.
(iii)

pHIThT _ partite, it ¢ =1
I(R) = p(2+e+g+h)7’ — partite, if;( =2
p2H2etgth)r _ portite, if:¢ =3
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Proof. Since Z(R) = pRy @ U &V @ W @Y, we have |Z(R)| = p?t¢et/+9+m)r and because the set Z(R)* =
Z(R) —{(0,0,0,0,0)}, it follows that |(Z(R))*| = |V(T'(R)| = p(2+<6+f+9+h)7 — 1 which establishes (i).

To establish (i) and (iii) ,let €1, ..., €. € Ro with ¢; = 1 such that €7, ...,€- € Ry/pR, form a basis for Ry/pRg
regarded as a vector space over its prime subfield F,,. For { =1, let

Hypo = Zmﬂeﬂ—l—ZZeuwk—i—ZZeuyl,muE{O( )(p)}:2§>\§p2}
k=1 p=1 =1 p=1

Then the set Z(R)* is partitioned into the following mutually disjoint subsets;

{VZ:,:I Myt _q 2 =1 Wi+, =1 €l } = thk,l - {(Oa 0,0,0, O)}

L =Z(R")—
{V h=1 Muent 25520 2 Eu“%"‘zj 12 =1 €nvi 00 =1 R D =1 €y } ( )

U {VZ;:l Mueptig D1 enwr 31, =1 €y }
kg
From the definition of V1, we have the set of neighbours of V; as

Vl) = U {VZ;:I mueuJFZi:l 22:1 EuwarZ{l:l 22:1 €Yl }
Hokg

Glearly [N (V)| = Uy (Vs 51, 5y vttt 5y o} = D377 = 1. Therefore
Vi| = [Z(R)*| = N(W)| = pCHetdtotir —p — (p2tothy — 1)

— p(2+g+h)r (p(eJrf)r _ 1)
Thus the binding number of the graph T'(R) is given by

IR = ‘N(V1)| B p(2+g+h)r -1
(T(R)) = Vi pQtethyr (pletHr —1)

Since N(V1) # ® and Vi N(V41) = & then the sets V; and N(V;) are mutually disjoint and as a result
Z(R*) =V UN(V1). In addition || J(N(V1))| = p@®+9t)7 — 1 and hence T'(R) is p?+9+M)7 partite.

For ¢ =2 let

Hyp= Zmueﬂ+pZZeuul—&—ZZeuwk—i—ZZeuyl,mu e {0,(A=)(p )}:2§)\§p2}

i=1 p=1 k=1p=1 =1 p=1

Then the set Z( )* is partitioned into the following mutually disjoint subsets;

(Vo e tp o S cpnit S, syt Sl Sy et = Hinkt = {(0,0,0,0,0)
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Vi=1Vsr e ” ” » r
1 { p=1 my€n+y iy Zy,:l euu'iJFZf:l Zu:l €nls +Zi=1 Zu:l euwk+2?:1 Zy,:l €nlYl }

= 2(R")-
U {VZL=1 Mu€ntp2 i1 31 entit 3]y =1 w3, 2 =1 €nl }
iksj
- — p2tetg+h)r _
Clearly |N(V’1)| - | U/J,k»j {VZ;:I M€ +p > 5y 22:1 epuitd gy 22:1 EurwarZ?:1 Z;:l €nyl }| - p( et+o+h) L.
Therefore
[Vil = 1Z(R)*| — IN(Ve)| = pl#2ebahir 1 (presothy 1)

_ p(2+c+g+h)r (p(c+f)r _ 1)
Thus the binding number of the graph T'(R) is given by

N plretethr

b(C(R))

i p(2+e+g+h)r (p(e+f)r _ 1)

Since N(V;) # @ and V; (" N(V1) = @ then the sets V; and N(V;) are mutually disjoint and as a result
Z(R*) = Vi UN(V1). In addition | J(N(V1))| = p®+et9oth)r — 1 and hence T'(R) is p(?+et9+m)r partite.
For { =3 Z(R)* is partitioned as in the case when ¢ = 2 but with

— — p(2+2e+g+h)r _
|N(‘/1)| B | Uﬂ«ak,j {VZ;:1 Mu€ptp i1 31 epuitiy 2h=1 epwi+ 1y 2=t €nyt }l - p( croHir 1 and

Vil = |Z(R)"| — IN(V1)| = pBHoet rothir —q — (p2etothy 1)

=P
Thus the binding number of the graph T'(R) is given by

(24+2e+g+h)r (p(eJrf)r _ 1)

NVl plrererir g

Vl o p(2+26+g+h)7‘ (p(e-&-f)r _ 1)

b((R))

Since N(V1) # ® and V; (N (V1) = @ then the sets V; and N(V;) are mutually disjoint and as a result
Z(R*) = Vi N (V1). In addition | J(N(V1))| = p?+2etoth)r _ 1 and hence I'(R) is p(2+2¢t9tM)" partite. O

4.4 Rings of characteristic p’

The structures of zero divisors of this class of rings is given by:
() Z(R) =pRoaUsVaWaY
(i) (Z(R))> =pRo®pU dV OW DY
(i) (Z(R))?> =p*Ro @ p’ U pV oW Y
(iv) (Z(R) =pUap’VepWaeY
(
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Given a zero divisor graph I'(R) with vertex set V(I'(R)). If z and y are any two vertices of the graph, then = and
y lie in the edge of the graph E(T'(R)) if and only if zy = 0. Using this adjacency property, we have the following
results:

Example 4.4. Let Z(R) = 2716 © 72 D 7o ®Zs ® (Z)y. Inthiscasep=2,r=1le=1f=1g9g=1,g=1and
h =1. Then

I'(R) is 32— partite with diam(I'(R)) = 2, gr(I'(R)) = 3 and b(I'(R)) = 31.
When charR = p* the graph is as follows;

14,1,vw,y)vy  02(0,0,0,1,0)
o P o G000
(14,0,0,0,1)v46.
(14,0,0,0,0)v45
(12,1 ,v,w,y)v44.
(1 2,0,1 ,W,y)U43.
(1 2,0,0,1 ,y)U4Q.

(1 250505051 )U41.
(12,0,0,0,0)v49

D
0,0,0)
11,0,0,1)

X 10(051 5051 50)
U11(0,1 ,0,1 ,1)

’012(0,1 ,1 ,0,0)
U13(0,1 ,1 ,0,1)
U14(O,1 ,1 ,1 ,0)

10:155 ) K
(10,1 wwy)uss

— /|
/
///
//@
Ay
)
=)
ou_L
1o~
4 T
2
S O
A~~~ i
o

(1 050a1 sWsY)'U:SS.

4U15(0,1 :1 a1 !1)
016(250y05010)
.1)17(2,0,0,,1)

.018(2505051 ,Y)
.U19(2!Oa1 5W!y)

(10,0,0,1,y)v3;®
(10,0,0,0,1)v55®
(10,0,0,0,0)vs5

euy(2,1,v,W,y)

U21(4,0,0,0,0)
.U22(4,0,0,0,1 )

(8,1,V,W,y)v5,®
(85051 ;W,Y)U33.
(8,0,0,1,y)vs,®

.1)23(4,0,1 ,W,y)
(8,0,0,0,1)v3.@® ovy,(4,1,v,W,y)
(8.0.000)y " &IV g (600,00
(6,01, wy)vs® 8, (6:0,01y)
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Proposition 4.4. Let R be the ring constructed in [11] with pSu; = 0( =1,2,3,4; pv; = pw, =py; =0, 1 < i <e,
1<j<f,1<k<gandl<I<h. Then the graph of the ring R, T'(R) satisfies the following:

(i) [V (D(R)| = pBHSe+f+gthr _q

(i) (T(R)) = (3+g+h)
g ™1 ife
p<3+5+h>'f(p<e+f>’"*1) he=1
(B3+etg+h)r_q ife
T T e
e T _q e
(p<3+€e+g+h)7‘(p(e””*l) ¢ =3
(3+3et+g+h)r_q if.
(p<3+€e+g+h>*(P(”'fﬁfl) ¢ =4.
(iii)
pBHITIT _ partite, if; (=1
— pBFetathr _ partite,  if; ¢ =2
(R) = pBH2etgth)r _ portite, if:¢ =3

pBH3etgth)r _ portite,  if:¢ = 4.

Proof. Since Z(R) = pRy @ U &V @ W @Y, we have |Z(R)| = pBF¢et/+9+h)r and because the set Z(R)* =
Z(R) —{(0,0,0,0,0)}, it follows that |(Z(R))*| = |V (T'(R)| = p3+¢etf+9+h)r _ 1 which establishes (i).

To establish (i) and (iii) ,let €1, ..., €. € Ro with ¢; = 1 such that €7, ...,€- € Ry/pR, form a basis for Ry/pRo
regarded as a vector space over its prime subfield F,,. For { =1, let

r g r h r
Hy ko= { Zmﬂeu —ﬁ—ZZeHwk "‘szuylvmu c{0,\(p)}:1<A<p? — 1}
pu=1

k=1 p=1 =1 p=1

Then the set Z(R)* is partitioned into the following mutually disjoint subsets;

{VZ£:1 mu€u+2i=1 22:1 Euwk+2?£1 22:1 €nYl } = H, kol {(O’ 0’ 0’ O’ O)}

= P s L =Z(R")—
Vl {VZH=1 muen+35_4 Zu=1 5#"%""‘25:1 Z,L=1 SNU]""_ZZ:] Zu=1 eu’wk+Z§=1 Zu=1 €uyl } ( )

U {szzl 'm‘/"ENJFZZ:l Z;:l Elbwk+Z;L:1 Zzzl €nYl }
kg

From the definition of V1, we have the set of neighbours of V; as

N(Vl) = U {VZ;:1 mpentd 2=t epwi )y =1 €nl }
wok,j

Glearly [N (V)| = Uy (Vs 1, 5y vt S 5y o} = 97777 = 1. Therefore

Vil = |Z(R)"| — IN(V1)| = p&Het/torhr 1 — (pP+othy —1)
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=D
Thus the binding number of the graph T'(R) is given by

(3+g+h)r (p(€+f)T — 1)

[N (V1) pBrothr
b(I(R)) = Vi pBrgth)r (plet )
1 p (p - 1)

Since N(V1) # ® and Vi(N(V41) = @ then the sets V; and N(V;) are mutually disjoint and as a result
Z(R*) =V UN(V1). In addition | J(N(V1))| = p@®+9tM7 — 1 and hence T'(R) is p3+9+M)7 partite.

For ¢ =2 let

Hypg= Zmueu—l—pZZeMuz—i—ZZeka—&—ZZeuyl,muE{O Ap):1<A<p? —1}

i=1 p=1 k=1p=1 =1 p=1

Then the set Z( )* is partitioned into the following mutually disjoint subsets;

{VZ;:l mye+py S, ZZ,:l e“ui+2i:1 Z:,:l euwaerhzl Z:,:l euy;,} = HMJCJ - {(07 Oa Oa 07 O)}

. . - - =Z(R")—
{V he1 M€t 20— EMUH‘Z;C:l D=1 €ni 251 2=t cpwr+1 2=t Euyl} ( )

U {VZL=1 mu€ntpd i1 21 epuiti_y =1 6#“”6"‘2?:1 D=1 €nll }
kg
— — (3+etgt+h)r _
Clearly |N(‘/1)| = | Up,,}c,j {szzl LORFES D DD DHERIRIED By S DRI DI DR T }| =P I
Therefore

|‘/1‘ _ ‘Z(R)*‘ _ |N(V1)| — p(3+26+f+g+h)r 1 (p3+e+g+hr _ 1)
= pBretath)r (ple+Nr _ 1)

Thus the binding number of the graph T'(R) is given by

|N(V])| p(3+e+g+h)r -1
b(F(R)) = Vi = (34+e+g+h)r (m(et+f)r
1 p (p - 1)

Since N(V;) # ® and V; (N (V1) = @ then the sets V; and N(V;) are mutually disjoint and as a result
Z(R*) = Vi UN(V1). In addition | J(N (V1))| = pBtetothr — 1 and hence T'(R) is p(3+et9th)r partite.
For ( =3 Z(R)* is partitioned as in the case when ¢ = 2 but with

= _ (342 h)r
|N(‘/1)| h |Up”k’j {VZ;:1 myen+pd 5y Z;:1 Eptity 9y 22:1 €uwk+2?:1 22:1 euyl}| - p( F2etgthr 1 and
|‘/1| _ |Z(R)*| _ ‘N(V1)| — p(3+3€+f+g+h)r 1 (p3+26+g+h,r _ 1)
- p(3+2e+g+h)r(p(e+f)r _ 1)
Thus the binding number of the graph T'(R) is given by

IN()| _ p@teetarir g
Vi pBt2etgth)r (p(e-‘rf)r _ 1)

b(T(R)) =
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Since N(V1) # ® and Vi[\N(V1) = @ then the sets V; and N(V;) are mutually disjoint and as a result
Z(R*) = Vi N (V1). In addition | J(N (V1))| = pBH2et9thr 1 and hence T'(R) is p3+2¢+9+M)7 partite. For ¢ = 4
Z(R)* is partitioned as in the case when ¢ = 2 but with

— — n(3+3e+g+h
IN(V)[ = | Ulhkaj {szzl LSS D DHRD DR RTED S SN DRSS DHIFD Dy Euyl}| B p( “Hotir —1and

Vil = |Z(R)"| = [N(Vy)| = plHet it g (esctatt )

= p(3+3e+g+h)r(p(e+f)r _ 1)

Thus the binding number of the graph I'(R) is given by
‘N(V1)| p(3+36+g+h)r -1

IR = " = JEwserorior (it i 1)

Since N(V1) # ® and Vi N(V1) = @ then the sets V; and N(V;) are mutually disjoint and as a result
Z(R*) = Vi N (V1). In addition | J(N (V1))| = p+3etath)r _ 1 and hence I'(R) is pGT3et9th) partite.
O

4.5 Rings of characteristic p°

The structures of zero divisors of this class of rings is given by:
() Z(R) =pRod U VaeWaY

||)( (R)?=pRoepUsVaeWaY

iii) (Z(R))? = p*Ro @ p*U @ pV @ WY

V) (Z(R))' =p’U@p’VopW ey

v) (Z(R))* = (0)

Given a zero divisor graph I'(R) with vertex set V(I'(R)). If z and y are any two vertices of the graph, then = and
y lie in the edge of the graph E(T'(R)) if and only if zy = 0. Using this adjacency property, we have the following
results:

(
(iif)
(iv)
(

Example 4.5. Let Z(R) = 2716 © 7o D Zo ® Zo ® (Z)y. Inthiscasep =2, r=1e=1f=1g9g=1,g=1and
h =1. Then

I'(R) is 64— partite with diam(T'(R)) = 2, gr(T'(R)) = 3 and b(I'(R)) = 2}.
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When charR = p® the graph is as follows;

Uss ® -
vge Vst @ @ o

5
— 6
— T (%
Vg5 —
® Ug
Vg4 @ Vg
Vg3 @
Vg2 @ V10
v Us1 @ V11
. 80 V1o
7.9 V13
U7.8 V14
U7‘ V15
v
V76 16
eU17
.U18
@19
@ U2
V21

Y
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Proposition 4.5. Let R be the ring constructed in [11] with pSu; = 0( =1,2,3,4; pv; = pw, =py; =0, 1 < i <e,
1<j<f,1<k<gandl<I<h. Then the graph of the ring R, T'(R) satisfies the following:

(i) |V(F(R)| _ p(3+<e+f+g+h)r -1

() () = o
P g v 7'_1 s _
ST (T Ir—T) if;¢=1
p(4+e+g+h)’f_1 IfC —9
(pOFeTs T (et 1) ;
plat2etgtmr_q -
Gpareerarm ey 15 ¢ =3
(4+3etg+hyr_q »
(pAF 8T g TRy (p(eT D7 —1) if; ¢ = 4.
(ii)

pUAtathT _ partite, if; (=1
I(R) = pldtetath)r _ partite,  if: ¢ =2
plAt2etoth)r _ partite,  if: ¢ =3
plAtsetath)r _ partite, if: ¢ = 4.

Proof. Since Z(R) = pRy @ U @V & W @Y, we have |Z(R)| = p*t¢et/+9+h)r and because the set Z(R)* =
Z(R) —{(0,0,0,0,0)}, it follows that |(Z(R))*| = |V (T'(R)| = p{*t<¢etS+9+h)r _ 1 which establishes (i).

To establish (i7) and (i) ,let €1, ...,e, € Ro with e = 1 such that €7, ...,€. € Ry/pR, form a basis for Ry/pRo
regarded as a vector space over its prime subfield F,,.
For ¢ =1, let

r g r h r
Hypy = { ZmHE# + Z Z €Wk + Z Z ey, My € {0,(A=1)(p)} :2< A< p4}
p=1 k=1p=1 =1 p=1

Then the set Z(R)* is partitioned into the following mutually disjoint subsets;

{VE;’L=1 Mpuep+3 01 2 Epwr+31 Sh=1 €ult } = Hﬂyk,l - {(07 0,0,0, 0)}

Vi = {VZ,,.

. , . - - =Z(R")—
u=1 Myt Z;‘=1 5M“+Ef:1 Z;L=1 6#“]‘"‘2}?:1 E;L=1 6u’wk+2f‘=1 Z;‘=1 €ulYl } ( )

U {VZ:;:I mu€#+2£:1 Z;:l Euwk‘i'z:lhzl Z;:1 €pYt }

kg
From the definition of V7, we have the set of neighbours of V; as

NW) = U {VZ;:l LD SRS DYEPE RIS DI DU T }
kg

_ _ 4 h)r
Clearly IN(V1)| = Uk {Vsy_, mpe,+ S0, Sy pin+ i, 5, et = PET7T7 — 1. Therefore

Vil = |Z(R)*| = [N (V)| = pUFertorir 1 — (ptrothy — 1)
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- p(4+g+h)r(p(e+f)r — 1)

Thus the binding number of the graph T'(R) is given by
‘N(V1)| p(4+g+h)7“ -1

bIT'(R)) = Vi plrethr (plethr — 1)

Since N(V1) # ® and Vi (N (V1) = @ then the sets V; and N(V;) are mutually disjoint and as a result
Z(R*) =V UN(V1). In addition | J(N(V1))| = p4+9t)7 — 1 and hence T'(R) is p!4+9+M)7 partite.

For ¢ =2let

Hyika = Zmufu+pzz€uuz+Zz€uwk+zz€uylamu € {0, (A - )(p)}:2§)\§p4}

=1 p=1 k=1p=1 =1 p=1

Then the set Z( )* is partitioned into the following mutually disjoint subsets;

{Vszl mu€utp iy 22:1 epuitIg_y Zzzl Wi+, Zzzl Cuyl} =H ik, T {(07 0,0,0, 0)}

— Ve,

=Z(R")—
n=1 My €+l 22:1 fwﬂer:l Z,TL:1 €nvi+30 1 Z;:l epwi+d) g 22:1 €nlYl } ( )

U {VZ;:I muentpd i1 2o epuiti_y =1 epwie D)y >oh—1€ull }
Btk g

From the definition of V1, we have the set of neighbors of V; as

N(Vl) = U {VZ;=1 LOES DI DHENTRTED BHEND DHENTRTIES SIS Dy Wyl}

Hyisk,
Clearly [N (Vi)l = [ Uik, {V5r_, myeutp S0, Sy w0 S, cpn 4SS0y Sy e | = PUTHHIT =1 Therefore
VAl = |Z(R)"| = IN(Vy)] = pl et et g — (pietosi 1)
_ p(4+e+g+h)r (p(e+f)r _ 1)
Thus the binding number of the graph T'(R) is given by

|N(V )| p(4+e+g+h)r -1
b(L(R)) = V; - = (dtetg+h)r (plet+f)r
1 p (10 - 1)

Since N(V1) # ® and Vi [ N(V1) = @ then the sets V; and N(V;) are mutually disjoint and as a result
Z(R*) = Vi UN(V1). In addition || J(N(V1))| = p*tetothr — 1 and hence I'(R) is p{4tet9+h) partite.

For { =3 Z(R)* is partitioned as in the case when ¢ = 2 but with
_ _ 44-2e+g+h)r _
INOVOI = [Upirs (Vs mpentn S5, Sy w0, S5 et S, Sy e 1 = P27 — Land

Vi| = |Z(R)*| — N (V1)| = pWF3etftothr _q _ (pAt2etothy — 1)
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- p(4+2e+g+h)r(p(e+f)r _ 1)
Thus the binding number of the graph T'(R) is given by

‘N(V1)| p(4+2e+g+h)r -1

Vl - p(4+25+g+h)7' (p(e+f)7' _ 1)

b(U(R))

Since N(V1) # ® and Vi [\ N(V1) = @ then the sets V; and N(V;) are mutually disjoint and as a result
Z(R*) = Vi N (V1). In addition | J(N (V1))| = pt+2etath)r _ 1 and hence I'(R) is p+2¢+t9tM)" partite.
For { =4 Z(R)* is partitioned as in the case when ¢ = 2 but with

_ _ 4+-3e+g+h
|N(V1)| o | U”’i’k’j {VZLTLZI LORCE 5D DHIND DY S DI DI €pwr+S_, 2 =1 euyz}‘ - p( etgth)r — 1 and

|V1| — |Z(R)*| _ ‘N(V1)| — p(4+4e+f+g+h)r 1 (p4+33+g+h,r _ 1)
— p(4+36+g+h)r (p(eJrf)r _ 1)
Thus the binding number of the graph I'(R) is given by

IN(VD| _ plitseratir g

b(I'(R)) Vi - pld+3etg+h)r (p(e+f)r — 1)

Since N(V;) # @ and V; (" N(V1) = @ then the sets V; and N(V;) are mutually disjoint and as a result
Z(R*) = Vi N (V1). In addition | J(N (V1))| = p4+3etath)r _ 1 and hence I'(R) is p(**3¢t9tM)" partite.

5 Conclusion

In conclusion, the paper provides a survey on the properties of the zero divisors Z(R), the graphs T'(R) for
idealized commutative rings. In particular, the binding numbers obtained demonstrate geometric distribution of
graph edge set E(T'(R)) from a common vertex v € V(I'(R)).

O
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