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Abstract

In this thesis, we have used four steps to determine G-invariant codes from primi-
tive permutation representations of Mathieu groups My, and M,z . We constructed all
G-invariant codes from primitive representations of degree 24, 276, 759, and 1288 from
the simple group Ms,. We found one self dual [24, 12, 8] code, three irreducible codes;
[276,11,128], [759,11,352] and [1288,11,648]. There were several decomposable, self or-
thogonal and projective linear binary codes. There were two strongly regular graphs from
a representation of degree 276 and 759. These graphs are known. We determined designs
from some binary codes using codewords of minimum weight. All the designs constructed
were primitive. We constructed symmetric 1-designs from the primitive permutation rep-
resentations of degree 24, 276, 759, 1771, 2024 and 3795 defined by the action of a group
G on a set Q = G/G,. In most cases the full automorphism group of the design was Moy
while in some cases the full automorphism group of the design was either Sy4 or Sazs.
We also constructed all G-invariant codes from primitive representations of degree 23,
253, and 253 from the simple group Ms3. There was no self dual linear code. There were
four irreducible codes [23,11,8], [253,11,112],[253,44] and [253,11,112] . There were several
decomposable, self orthogonal and projective linear binary codes. There was no strongly
regular graph from the three representations. We determined designs from some binary
codes using codewords of minimum weight. All the designs constructed were primitive.
We constructed symmetric 1-designs from the primitive permutation representations of
degree 23, 253 and 253 defined by the action of a group G on a set 2 = G/G,. In most
cases the full automorphism group of the design was M3 while in some cases the full
automorphism group of the design was either Sz, Sos3 or Sso6
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Symbols and abbreviations

N Set of Natural numbers

Z Set of Integers

R Set of Real numbers

C Set of Complex numbers

Q A finite set

1 The all ones vector

Sh the symmetric group on n symbols

V Vector space

F A finite field

F, A finite field of q elements

Char(F) Characteristic of a field F

Aut(G) Automorphism group of group G

Ig The identity element of G

K<G K is a subgroup of G

K<G K is a normal subgroup of G

|G| Order of a group G

H=G H is Isomorphic to G

n, k,d], A g-ary code of length n, dimension
k and minimum distance d

C A linear code

(P, B) An incidence structure with P points and B blocks

r Graph

PG(V) The projectile geometry

FG Group algebra

FQ FG -module

GL,(q) General linear group of dimension n over F,

# Number of Orbits
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Chapter 1

Introduction

This thesis is a study of linear codes obtained from primitive permutation representations
of Mathieu Groups My, and Ms3. Many communication channels are subject to channel
noise, and thus errors may be introduced during transmission from the source to a re-
ceiver. Codes are used to detect and correct errors that occur when data is transmitted
across some noisy channel. We Construct and Enumerate G-invariant codes from Moy
and Ms3. We Classify some G invariant codes and determine properties of some binary
codes. We establish the linkages between some linear codes and designs, graphs and finite

geometries from primitive groups.

Given a permutation group G acting on a set {2 of n points, a binary code C(G,Q) =
(Fiz(o)|o € 1(G)i*) was constructed in [27] , where I(G) is the set of involutions of G
and Fix(c) = {w € Q|w” = w} is the set of fixed points of the permutation w, i.e., C'(G, )
is the code generated by the sets of fixed points of involutions of the group. They used
representation theoretic methods to obtain the permutation representation of G on the
cosets of a subgroup H of G. They treated 2 as the set G/H where H was chosen such
that |G : H| = n.. The code obtained was very useful in the search for self-dual codes

which were invariant under the action of the group GG. Further, every self-dual code C' was



such that C(G, Q)+ € C € C(G,). This provided a good starting point for the search of
G-invariant self-dual codes. Using libraries of groups in the computer algebra packages
GAP and MAGMA |, they constructed codes invariant under some sporadic simple and
almost simple groups of degree < 2000.

In [9], the authors constructed G-invariant codes as outlined. Given a finite field of ¢ = p*
elements, where p is a prime and k € Z, and G a finite group acting primitively on the
set 2, then V = FQ is a vector base over F of all linear combinations of > A\, \; € F,
a € 2. Considering the action of the elements of G on the basis elements of V' defined
by p: G — GL(V) where p(g)(x) = g(z) with ¢ € G and € V and extending linearly
the induced action of V' makes V into an FQ2-module called the permutation module over
FG. The submodules of this permutation module are all the p-codes invariant under the

group G.

In chapter 2, we have discussed the basic terms from the theory of finite groups, group rep-
resentations, F'G-modules and the combinatorial structures; codes, designs and graphs.
In Chapter 3 we have discussed the construction of Codes from primitive groups. In
this construction we find the permutation module from the primitive group. For this we
decompose the permutation module into all submodules. These constitute the building
blocks for the construction of a lattice of submodules. The chapter also describes the

construction of designs from primitive groups using orbits of the point stabilizer.



In Chapter 4, we have constructed all G-invariant codes from primitive representations
of degree 24, 276, 759, and 1288 from the simple group Msys. The computations were
carried recursively in Magma with a built-in component of Meat-Axe. We constructed
some linear binary codes with minimum distance of small dimensions due to computer
limitations and found one self dual [24, 12, 8] code, three irreducible codes; [276,11,128],
[759,11,352] and [1288,11,648]. There were several decomposable, self orthogonal and pro-
jective linear binary codes. There were two strongly regular graphs from a representation
of degree 276 and 759. These graphs are known. We determined designs from some binary
codes using codewords of minimum weight. All the designs constructed were primitive.
We constructed symmetric 1-designs from the primitive permutation representations of
degree 24, 276, 759, 1771, 2024 and 3795 defined by the action of a group G on a set
Q= G/G,. In most cases the full automorphism group of the design was My, while in

some cases the full automorphism group of the design was either Sgy or Sarg

In Chapter 5, we have constructed all G-invariant codes from primitive representations of
degree 23, 253, and 253 from the simple group Ms3. There was no self dual linear code.
There were four irreducible codes [23,11,8], [253,11,112],[253,44] and [253,11,112] . There
were several decomposable, self orthogonal and projective linear binary codes. There
was no strongly regular graph from the three representations. We determined designs

from some binary codes using codewords of minimum weight. All the designs constructed



were primitive. We constructed symmetric 1-designs from the primitive permutation
representations of degree 23, 253 and 253 defined by the action of a group G on a set
2 = G/G,. In most cases the full automorphism group of the design was Moz while in

some cases the full automorphism group of the design was either Sz, Sas3 or Ssog



Chapter 2

Basic Concepts

In this chapter we select some standard results from the theory of groups, designs, codes
and graphs which will be required in the subsequent chapters. For a more detailed account

and additional information the reader is advised to consult [1,2,3,7,9, 16 ,23,24 |.

2.1 Groups

The symmetric group on a set €2 is the group Sq of all permutations of 2. A permutation
group G on a set €2 is a subgroup of Sg, and G is said to be transitive on € if, for all

a, B € (2, there exists an element g € G such that the image af of a under g is equal to
G.
Definition 2.1.1. Suppose G is a group and ) is a set. An a group G action on ) is a

function which relates to every o € Q and g € G an element ga of Q such that, for all

ac€Qandallg, heG, o' =a, h(ga) = (gh)a.

In natural way , an action defines a permutation representation of G on €2 which is a
homomorphism ¢ from G into Sq. Conversely a permutation representation naturally

defines an action of G on €.

Theorem 2.1.2. A transitive action of a group G on a subgroup H is equivalent to the

action of G on a set of coset G/H and is a quotient group if H < G.

b}



Definition 2.1.3. Suppose G acts on a set (). Suppose 2 = n and k are positive integers.
G is k-transitive on Q) if every two ordered k-tuples.
(a1, 0, -cu) and (Br, P2, -+ ) with o; # oy for i # j there exist ¢ € G such that

af =p; fori=1,2,--- k.

Lemma 2.1.4. Suppose G is a transitive group on a set Q|| =n > 2. If Gy, is (k—1)

transitive on € for any o € Q) then G is k-transitive on 2.

Definition 2.1.5. The automorphism group Aut(G) of a group G, is the set of all auto-

morphisms of G .

Definition 2.1.6. Suppose g is an element of G. We define ¢, : G — G by ¢py(z) = grg™!
for any x € G. Then ¢, is an automorphism of G, known as an Inner automorphism

of G.

Definition 2.1.7. A permutation group G is primitive on ) if G is transitive on €2 and
the only G-invariant partitions of Q) are the trivial partitions. Also G is imprimitive on

Q if G preserves some non-trivial partition on €.

Theorem 2.1.8. For every n , the symmetric group S, acts n-transitively on ) =
{1727"' 7n}7
Theorem 2.1.9. Every k-transitive group G (with k > 2) acting on a set Q, is primitive.

Theorem 2.1.10. (Characterization of primitive permutation groups) Let G be a transi-
tive permutation group on a set Q). Then G is primitive if and only if for each o € w, the

stabilizer G, 1s a maximal subgroup of G.



2.2 Rank-3 Primitive permutation groups

Suppose G is a transitive permutation group on €2, then the number of orbits of the point
stabilizer GG, is independent of the particular o € €2 and is the rank of G. If G is a
transitive permutation group on €2 of rank-3 then G is a rank-3 permutation group. In
this case G, has exactly three orbits o, A() and I'(«). For more information on rank-3

permutation groups the reader should consult [6,8,12,17, 18,20,21].

2.3 Representations

Definition 2.3.1. Suppose G is a finite group and V' is a vector space of dimension n
over the field F. Then a homomorphism p : G — GL(n,F) is a matriz representation of

G of degree n over the field F .

Definition 2.3.2. Suppose p : G — GL(n,F) is a representation of G on a vector space
V =TF". Suppose W is a subspace of V of dimension m such that p,(W) C W for all g €
G, then the map p : G — GL(m,F) is a representation of G called a subrepresentation

of p. The subspace W is said to be G-invariant.

Definition 2.3.3. A representation p : G — GL(n,F) of G with representation module V
15 called reducible if there exists a proper non-zero G-subspace U of V and it is irreducible

if the only G-subspaces of V are the trivial ones.

The p— invariant subspaces of a representation module V are called submodules of V .



Definition 2.3.4. Suppose p : G — GL(V) is a representation of G on a vector space
V. If there exists G-invariant subspaces U and W such that V.= U@ W then is called

decomposable.

Definition 2.3.5. A representation p is e completely reducible if it is the direct sum of

1rreducible representations.

2.4 G - modules

The results of FG-modules carry over from representations.There is a 1-to-1 correspon-

dence between representations of G and FG - modules.

Definition 2.4.1. Suppose G is a finite group and ¥ is a field. Then a group ring of G
over F s the set of all sums of the form
Ygeagg, A\g €F

with componentwise addition and multiplication.

Theorem 2.4.2. Suppose F is a field and G is a finite group, then there is a bijective
correspondence between finitely generated FG-modules and representations of G on finite-

dimensional F-vector spaces.

The definitions that follow have their equivalent stated in representation theory in section

2.3.

Definition 2.4.3. Suppose V is an FG-module, a subspace W of V is called an FG-

submodule of V i.e.,gqw € W, for allw e W.



Definition 2.4.4. An FG-module V is called simple or irreducible if it has no other
submodules apart from the trivial submodules. A module which is not irreducible is called

reducible.

Definition 2.4.5. Let V be an FG-module. We say V is decomposable if it can be written
as a direct sum of two FG-submodules. 1i.e., there exist submodules U and W of V such
thatV = U@ V. If V can be written as a direct sum of irreducible submodules then it is

called completely reducible.

Definition 2.4.6. Suppose V and W are FG-modules. Then a function 7 :V — W is an
FG-homomorphism if T is a linear transformation and for anyv € V, g € G, 17(gv) = g7(v)

. A bijective homomorphism is called an isomorphism.

Theorem 2.4.7. Two FG-modules are isomorphic if and only if they have equivalent

representations.

Definition 2.4.8. A composition series for an FG-module V is a series of submodules

of the form V=Va 2OV, 2.2V, =0.

2.5 Binary Linear Codes

Definition 2.5.1. A linear binary code C' is a subspace of Fy. It is denoted as (n, k)-code.

Codewords are the vectors of C' .

Definition 2.5.2. Suppose x € V and X = {iy,i9, -+ i} € {1,--- ,n} are the nonzero

coordinates of x . Then x = (1000011) = e; + eg + e7 is represented as X = {1,6,7}.

9



Definition 2.5.3. The Humming distance d(u,v) between vectors u,v € C' is the

number of coordinates in which they differ .
Lemma 2.5.4. The Hamming distance between any vectors is a metric on Fy.
Proof. See [9] O

Definition 2.5.5. The Hamming Weight wt(v) of a vector is the number of nonzero

components it possesses.
Lemma 2.5.6. We have d(u,v) = wt(u —v) for all u,v € FZ,.
Proof. See [16] O

Definition 2.5.7. An (n, k)-code of minimum weight d of its nonzero codewords is known

as an (n, k,d)-code.

Definition 2.5.8. Suppose C' is a code , and Ay, is the number of codewords of weight k.

Then the weight numerator of C' is the polynomial

ZAkxn_kyk-
k=0
Definition 2.5.9. Suppose C' is a code in V , then C* is the dual code or orthogonal

code of C'.

Theorem 2.5.10. Suppose C' is an (n,k)-code, then C* is referred to as an (n,n — k)

code.

Definition 2.5.11. A binary code is is referred to as even if the weight of all its

codewords 1s divisible by 2.

10



Lemma 2.5.12. a binary self-orthogonal code C' is even.

Proof. see [16] O

Definition 2.5.13. A binary code is doubly even if the weight of all its codewords are

divisible by 4.

Lemma 2.5.14. A double even code is self-orthogonal.

Proof. see [16] O

Theorem 2.5.15. Suppose C' is a binary (n, k)-code. Suppose the weight of vectors of a

generating set S are divisible by 4 and are pairwise orthogonal. Then C' is doubly even .

Proof. see [16] O

Definition 2.5.16. An (n, k)-code is self-dual if C = C*

Theorem 2.5.17. If C is a self-dual (n, k)-code , then k =n/2.

Proof. see [9,16] O

Definition 2.5.18. Let C' be a binary (n, k)-code. An automorphism of C' is an element

of Sy, that sends codewords to codewords. The automorphism group of C is

Aut(C) = {mr € S,|er € Cfor allc € C

Definition 2.5.19. A code with its dual distance at least 3 is called projective .

11



2.6 Designs

Definition 2.6.1. An incidence structure is a set I = (p,3,1), where p is the point
set, B s the block set and I is an incidence relation between p and . The elements of 1

are called flags.

Definition 2.6.2. A t — design or more a t — (v, k,\) design is an incidence structure
D = (p,3,1) such that | p |=v, , B € 8 is incident with k points and t distinct points are
together incident with A blocks. A symmetric design is a design with the same number of

points and blocks.

Theorem 2.6.3. Suppose D is a t — (v,k,\) design and for 1< s < t,. Then D is a

s — (v, k, \) design where

(v—s)v—s—1)---(v—t+1)

)\S:)\(k—s)(k;—s—1)---(k:—t+1)'

Definition 2.6.4. Suppose D = (P,3,1) is a design in which P = {p1,p2, - py} and
B = {By,By---B;}. Then the incidence matrix of D is ab x v matriz A = (a;; such

that

1, if (pi,Bj) el

al-j =

0, if (pi,B;)¢1

Definition 2.6.5. A Steiner system is at — (v, k,1) design for integers 1 < k < v .
[9]

12



Definition 2.6.6. Two designs D' = (P',B',I') and D = ((P, B,I) are said to be iso-
morphic if there exist a bijection O from P’ to P . A bijection from a design D to itself is

referred to as an automorphism. aut(D) denotes the group of all automorphism .

Definition 2.6.7. An automorphism group of a design is said to be flag-transitive if

it 18 transitive on the flags .

Definition 2.6.8. An automorphism group of a design is t-flag-transtive if it is transtive

on the blocks and a block stabilizer is t-transitive on the point of that block.

2.7 Graphs

We are concerned with strongly regular graphs whose definition reflects the symmetry

inherent in t-designs.

Definition 2.7.1. A graph is a double I' = (V, E), where V is a finite set of vertices and

FE is a set of edges .

If x is a vertex for a graph I', the valency of x is the number of edges containing z. If
all vertices have the same valency, the graph is called regular, and the common valency
is the valency of the graph. Thus an arbitrary graph is a 0-design, with block size k = 2.

A regular graph is a 1-design.

Definition 2.7.2. A strongly regular graph (n,k,\, u) is a graph T' with n vertices,
k edges, common number of vertices A\ from adjacent edges and common number n of

vertices from non-adjacent edges respectively.

13



Let G be a rank-3 group of even order and let Oy, and Oy be two orbitals other than
the diagonal. Then G contains an involution 7. Some pair z,y of distinct points are
interchanged by an element of G. Suppose that (x,y) € O;, then every pair in Oy is
interchanged by an element of G. So we can take the set of unordered pairs z, y for which
(z,y) € Oy as the edge of a graph I" on V. The fact that O; and O, are orbitals implies
that the number of common neighbours of two adjacent vertices, or two non-adjacent
vertices, is constant; and the transitivity of G shows that I' is regular. So I' is a rank-3
strongly regular graph.

We have established a relationship between groups, designs, modules and codes. The

interplay between these combinatorial structures will become evident in Chapter 3.

14



Chapter 3

Constructions of Combinatorial Structures

This chapter provides the techniques that are used throughout this work to construct
codes, designs and graphs . Section 3.1 describes how to construct codes from primitive
groups. Section 3.2 describes how to construct designs from primitive groups. Section
3.3 describes how to construct codes from combinatorial designs and finally Section 3.4
describes how to construct strongly regular graphs from two weight codes. From these
four methods we extract algorithms that were implemented with the software package
MAGMA. For a more detailed account and additional information the reader is advised

to consult [1,2,3,4,5,7, 9 ,16, 19 |.

3.1 Codes from primitive groups

The construction requires that we find the permutation module. For this we decompose
the permutation module into all submodules. These constitutes the building blocks for
the construction of a lattice of submodules , thus attaining an answer to the enumeration
problem. With the characterization of these codes we respond to the problem of classifi-
cation of the codes.

Decomposition of the modules into submodules depends on the field. Maschkes Theorem

gives a characterization of decomposition over a field whose characteristic is 0 or rela-

15



tively prime to the order of the group. In this case the permutation module is completely
reducible and can be written as a direct sum of its irreducible submodules. When the
characteristic p of the field divides the order of the group i.e., p||G|, we apply Krull-
Schmidts Theorem which shows that any module with finite length can be written as
a direct sum of indecomposable submodules. In addition to Krull-Schmidt theorem, we
have the composition series of the module which provides a way of breaking the module
into simple components. These concepts have been used to develop different methods to
construct submodules hence codes invariant under a group.

For each primitive representation of a given permutation group G, we use Meat-Axe re-
cursively and Magma [17] to construct the associated permutation module over Fy and
subsequently a chain of its maximal submodules. Each maximal submodule contains a
binary code that is invariant under (G. The G-invariant subspaces of the permutation

module give all the p-ary codes invariant under G.

3.2 Designs from primitives groups

This section describes how to construct designs from primitive groups more precisely;

Theorem 3.2.1. { Key-Moori Method 1} Suppose G is a finite primitive permutation
group acting on set X of size n. Suppose x € X, and A # {z} is an orbit of G, the
stabilizer of v. If B = {AY : g € G}, then D = (X, B) is a symmetric 1-(n,|A|, |A])
design, with G acting as an automorphism group, primitive on blocks and points of the

design.

16



Proof. see [19] O

Theorem 3.2.2. The blocks of any symmetric 1-design with an automorphism group G

acting primitively on points can be constructed as a union of orbits of the G-stabilizer.

Proof. see [19] O

3.3 Construction of G-invariant codes

Given a permutation group G acting on a finite set 2, and p : G = GL(V) where
p(g)(x) = g(x) with g € G andz € V,we can find all codes with a group G acting as an

automorphism group. The steps are as follows:

1 . Recognize F5(2 as a permutation module;

2 .Using Meat-Axe find all non-isomorphicFyG -submodules

3 .By Lemma 6.19 [9] the submodules are the G-invariant codes;

4 . Determine where possible the lattice structure of the permutation module;

The steps in this thesis show that we can get the non-isomorphic FoG-submodules
using Meat-Axe without necessarily finding all the maximal FoG-submodules, test-

ing equivalence and filtering isomorphic copies.

3.4 Strongly Regular Graphs from Two Weight Codes

A linear code C' is called a two weight code if it has only two non-zero weights

wy and we and any two of its coordinates are linearly independent ,[1,4,5,12,18].

17



Strong connections exist between projective two weight codes and strongly regular
graphs which we shall briefly discuss. Every projective two-weight code over a finite
field has a strongly regular graph. This was first established by Delsarte ([12],

Theorem 2) who then gave the connection between them .

Theorem 3.4.1. ([5], Theorem 2). Suppose wy and wo (where wy < wy) is the
weights of a q-ary projective two-weight code C of length n and dimension k. To C
we associate a graph I'(C) as follows. The vertices of the graph are identified with
the v = ¢* codewords and two vertices corresponding to x and y are adjacent iff

d(xz,y) =wy. Then I'(C) is a strongly regular.

Proof: See [5] Corollary 3.7

Calderbank [5] gave another construction of the strongly regular graph from pro-
jective two weight code and further determined the graphs parameters from the
parameters of the code. The parameters (N, K, \, ) of a strongly regular are de-

termined in ([5] where;

N:qk
K =n(q—1)

A= K2 + 3K — q(w1 + ’LUQ) — Kq(w1 + UJQ) + q2w1w2

2
_ gWnwe

S = K K = K + ) + oy

In chapters 4 and 5 we shall see how a combination of these techniques outlined

18



in sections (3.1, 3.2, 3.3, 3.4, 3.5, 3.6) help determine and classify a number of

interesting codes invariant under the simple Mathieu groups My, and Mog.
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Chapter 4

Mathieu Group My,

Mathieu group My, is described as the automorphism group of a Steiner system
S(5,8,24) on 24 objects. It is a 5-transitive permutation group . Mathieu groups
are related to Conway groups because the Leech lattice and the binary Golay code

are both found in spaces of length 24. [16].

Mathieu group My, has seven primitive permutation representations of degree 24,
276, 759, 1288, 1771, 2024 and 3795 respectively as indicated in the Atlas [26]. The
seven primitive permutation representations are as shown in the table 4.1, where
the first column gives the structure of the maximal subgroups; the second gives the
degree (the number of cosets of the point stabilizer); the third gives the order of the
maximal subgroups; the fourth gives the number of orbits of the point-stabilizer,

and the fifty,sixty and seventh column give the dimension of the orbits.

The primitive representations are described as the action of the group G on duad,
octad, duum, sextet,triad and trio geometrical objects respectively. The elements
of each degree generate a permutation module over Fy. We determine orbits of the

point stabilizer through cosset action of G on the maximal subgroups.
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Table 4.1: Maximal Subgroups of My, .

Max.sub Degree Order # Length Length Length Length
Mos 24 10200960 2 23
Moy : 2 276 887040 3 44 231
24 Ag 759 322560 4 30 280 448
Mo : 2 1288 190080 3 495 792
20 : 3.5 1771 138240 4 252 483 1035
L3(4) : Ss 2024 120960 5 23 252 483 1265
26 . (L3(2):S3) 3795 64512 5 252 483 1035 2024

4.1 The Representation of Degree 24

For a permutation group G acting on a finite set €2, of degree 24 we construct a
24-dimensional permutation module invariant under G. We take the permutation
module to be our working module and recursively find all submodules . The recur-
sion stops as soon as we obtain all submodules. We find that permutation module
breaks into submodules of dimension 1, 12 and 23. This submodules are the building

blocks for the construction of a submodule lattice as shown in Figure 4.1
24
®

230

120

]

Figure 4.1: Submodule lattice of the 24 dimensional permutation module
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The lattice diagram shows that there is only one irreducible submodule of dimension

The authors in [9] used slightly different approach to the one described above. They
split the permutation module into maximal submodules. They took the permutation
submodule to be the working module and recursively found all maximal submod-
ules of each module. The recursion terminated as soon as it reached an irreducible
maximal submodule. In so doing they determined all codes associated with the per-
mutation module invariant under G. This approach is cumbersome since it involves
every time testing equivalence and filtering out isomorphic copies. Our approach
has the advantage that the permutation module show up as non isomorphic sub-

modules. In this case we produce the submodules more directly.

We obtain only one non trivial submodule of dimension 12. The binary linear code
with minimum distance from this representation is [24,12,8]. We shall denote the

code Uy and its dual C’Qj1 Table 4.2 shows the weight distribution of these codes

Table 4.2: Weight distribution of codes of length 24

name dim O 8 12 16 24

Cyup 12 1 759 1256 759 1
Cozy 12 1 759 1256 759 1

We make some observations about the properties of these codes in Proposition 4.1.1.
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Proposition 4.1.1. Let G be a primitive group of degree 24 of the Mathieu group
My and Caq 1 a binary code of dimension 12 . Then Cay;y is self dual, doubly even
and projective (24,12, 8]y code of weight 8 with 759 words. Furthermore Aut( Chs 1)

= Sos.

Proof

From weight distribution, we deduce that codewords have weights divisible by 4.
Since the weights of this codewords are divisible by 4, Cq4; is doubly even. Since
the dimension of Cyy; is half its length Cqy 1 is self dual. The code C2L4’1 is of weight
8. Hence Cgy; is projective. For the structure of the automorphism group, let

G Con. G has only one composition factor Msy . We conclude that G =2 My, O

Deigns of codewords of minimum weight in Cyy

We determine designs held by the support of codewords of minimum weight w,,
in Cy4;. In Table 4.3 columns one, two, three and four respectively represents the
code Cyy; of weight m , the parameters of the 5-designs D, , the number of blocks
of D, , and tests whether or not a design D,, is primitive under the action of
Aut(C).

Table 4.3: Deigns of codewords of minimum weight in Coy

weight m Dy,, No of Blocks primitivity
8 5-(24, 8, 1) 759 yes

Remark 4.1.2. From the results in table 4.3 we observe that D,  is primitive.
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Symmetric 1- designs

Using the orbits of the point stabilizers in theorem 3.1 and theorem 3.2 we construct
symmetric 1 - designs from the simple Mathieu group Ms,. We examine symmetric
1-design invariant under G constructed from orbits of the rank - 2 permutation
representation of degree 24. The first column in Table 4.4 represents the 1-design
Dy, of orbit length k, the orbit length in the second column , the parameters of
the symmetric 1-design Dy in the third column and the automorphism group of the

design the last column .

Table 4.4: symmetric 1-Design

Design orbit length  parameters Automorphism Group
Do3 23 1-(24,23,23) So4

Proposition 4.1.3. Let G be the primitive group of degree 2/ of the mathieu group

Msy. Let B = {A9: g € G} and Dy, = (X2, 8). Then the Aut(Dy) = Sy

Proof

The composition factors of Dy are Z, and Asy. This implies that AutDoz = Sy [

Theorem 4.1.4. Let G be the primitive group of degree 24 of Moy and C' a linear

code admitting G as an automorphism group . Then the following holds:

(a) There exist a self dual doubly even projective code.

(b) There exist a Primitive Design related to May.
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(¢) AutDog = Ssy for primitive symmetric 1-design

Proof

(a) See proposition 4.1.1

(b) See table 4.3

(c) See table 4.4

4.2 The Representation of Degree 276

We construct a 276-dimensional permutation module invariant under permutation
group G acting on a finite set €2, of degree 276. We take the permutation module
to be our working module and recursively find all submodules . The permutation
module splits into 56 submodules. The submodules are the dimensions of the codes
related to permutation module. The permutation module breaks into six completely
irreducible parts of dimensions 1, 11,11, 44, 44 and 120 with multiplicities 2, 3, 3, 1,
1, and 1 respectively. The submodules are shown in Table 4.2. Column k represents
the dimension of the submodule and # the number of the submodules of each

dimension.

This submodules are the building blocks for the construction of a submodule lattice

as shown in Figure 4.2
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Table 4.5: submodules from 276 permutation module

k  # k # k # k #  k #

0 1 55 1 79 1 208 1 254 1
1 1 56 1 89 1 209 5 264 1
11 1 66 3 90 1 210 3 265 1
12 1 67 5 186 1 220 1 275 1
22 1 68 1 187 2 221 1 276 1
23 377 4 198 4 252 1

24 1 78 4 199 1 253 3

Figure 4.2: Submodule lattice of the 276 dimensional permutation module
276

186

From the lattice diagram, we see that the submodules of dimension 1 and dimension

11 are irreducible .

We discuss five non trivial submodules of small dimensions 11, 12, 22, 23 and 24 .
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The binary linear codes of these submodules are represented in table 4.6.

Table 4.6: codes of small dimension

Name Dimension parameters Name Dimension Parameters

Car6,1 11 [276,11,128]2  Care5 23 [276 ,23,44],
Car6,2 12 [276,12,128]s  Care6 23 [276,23,44]5
Ca76,3 22 [276,22,44]2  Care,7 24 [276,24,23]5
Co76.4 23 [276,23,23]5

We make some observations about the codes. These properties are examined with

certain detail in Proposition 4.2.1.

Proposition 4.2.1. Let G be a primitive group of degree 276 of the Mathieu group
My and Cazs1, Core2, Care3, Cores,Carer be binary codes of dimension 11, 12, 22,

23, 24 respectively . Then the following holds;

i Cazga 1s self orthogonal, doubly even and projective [276, 11,128] binary code
. [276, 265, 3] is the dual of Care1 . Furthermore Cargy is irreducible and

Aut(Core1) = Moy

it Cyreo is self orthogonal, doubly even and projective [276, 12,128] binary code .

[276, 264, 4] is the dual of Cio . Furthermore Aut(Care o) = Moy

Wi Cyre s is self orthogonal, doubly even and projective [276, 22, 44] binary code .

[276, 254, 3] is the dual of Cayres . Further more Aut(Caze3) = Say

iv Cyre g is self orthogonal, doubly even and projective [2706, 23,44] binary code .
[276, 253, 4] is the dual of Cares . Further more Corge is decomposable and
Aut(Core6) = Saa
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proof

i

il

1ii

The polynomial of Cyrgy is W(z) = 1 + 759212 + 128824, From weight
enumerator we observe that the weights of the two codewords are divisible
by 4. Hence Carg; is self orthogonal. Cyg, has a minimum weight of 3.
Hence Carg is projective. It follows that Cy, is a l-error-correcting code.
Hence C2L76,1 is uniformly packed since Car6 1 is a two-weight code. Cazg1 has
no other submodule apart from the trivial submodule hence it is irreducible.

Since Aut(Cyz61) has only one composition factor My , then it follows that

Aut(Core1) = Moy,

The polynomial of Corgo is W(z) = 1 + 759228 + 12882132 + 1288z +
7592148 + 22 Accordingly from the weight enumerator of Carg2 we observe
that all codewords of Cayz62 have weights divisible by 4. Since the weights of
this codewords are divisible by 4, Ca62 is doubly even. Hence Cazg2 is self
orthogonal. The minimum weight of Cy6, code is 4. Hence Cargz is projec-

tive. Since Aut(Cars1) has only one composition factor My, , it follows that

Aut(Core2) = Moy.

The polynomial of Cazgs is W(z) = 1+ 2762 + 1062620 + 13459621 +
7354712'% + 196125620 + 135207824, Accordingly the weight enumerator
shows that the weight of all codewords of Cayz63 is divisible by 4. Hence 4,

Car6,3 is doubly even. Doubly even codes are self orthogonal, hence Carg 3 is
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self orthogonal. Cgyg 5 code has a minimum weight of 3.

iv. The polynomial of Carge is W(z) = 1 + 276x* + 1062622 + 1345962198 4
735471228 +19612562140 41352078244 + 7354712148 +-1345962%% +10626219¢ 4

=% + 12°°. .Accordin ince all codewords of Cy766 are divisible ,
2762232 + 12276, A dingly Si 11 cod ds of Cyr, divisible by 4

Chr6,6 is doubly even. The minimum weight of Cyzg 4 code is 4.

v The minimum weight of 02%677 code is 4. Hence Cayz67 is projective. U

Weight distribution of Cgrz61 shows that Cazg1 is a two weight code hence Caz6 1 can
be linked to a strongly regular graphs. We obtain a strongly regular graph T(Cazg.1)

related with Cay76 1 wWhose properties are given in the proposition 4.3.2

Proposition 4.2.2. T(Cyr1 ) is a strongly regular [2048,276,44,36] graph with

spectrum [276]",[20]79,[—12]'288,

Remark 4.2.3. These examples have been studied from a point of view similar to

Calderbank [5].

The Designs of Minimum Weight in Cyz;

We determine the designs of codewords of minimum weight w,, in Cazs,; where i =
1, 2, 3, 4,5,6,7 as shown in Table 4.7. Column one represents the code C; of weight
m and column two gives the parameters of the 1-designs D,, . In column three we
list the number of blocks of D,, , column four tests whether or not a design D, is
primitive.
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Table 4.7: Deigns of codewords of minimum weight in Cazg ;

m Duw,, No of Blocks prim
128;  1-(276, 128, 352) 759 yes
1289 1-(276, 128, 352) 759 yes
444 1-(276, 44, 44) 276 yes
444 1-(276, 44, 44) 276 yes
235 1-(276, 23, 2) 24 yes
44¢ 1-(276, 44, 44) 276 yes
237 1-(276, 23, 2) 24 yes

Remark 4.2.4. From table 4.7 we observe that D, is primitive for each m.

Symmetric 1-Design

Using the orbits of the point stabilizers in theorem 3.1 and theorem 3.2 we con-
struct symmetric 1 - designs. We take G to be the Mathieu group My, and examine
symmetric 1-design invariant under G constructed from orbits of the rank - 3 permu-

tation representation of degree 276. We consider the p - element subsets {iy, i, i3} of
3
the set{1, 2,3} to form distinct unions of suborbits €2,. We take the images

p
of these unions under the action of G and form the 1 - designs D, whose properties

we examine . Observe that k = ‘ U2, i, | where 1 <p <3 and 1<k <275.

Table 4.5 shows Designs from primitive group of degree 276. Column one shows the
1-design Dy, of orbit length k, column two gives the orbit length, column three gives
the parameters of the 1-designs Dj and column four represents the automorphism

group of the design.

Proposition 4.2.5. Let G be the primitive group of degree 276 of mathieu group

30



Table 4.8: Designs from primitive group of degree 276

Design orbit length parameters Automorphism Group
Dyy 44 1-(276,44,44) Sos
Das1 231 1-(276,231,231) So4
Dys 45 1-(276,45,45) So4
Da3o 232 1-(276,232,232) So4
Dars 275 1-(276,275,275) So76

Msy. Let 5 = {A%: g € G} and Dy = (2, 5). Define the sets M and N such that

M = {44,231,45,232} and N = {275}. If k € M then Aut(Dy) = Soy .

Proof We consider the case when k €M. The composition factors of Aut(Dy) are

Zs and Ayy. This implies that Aut(D)y = Sy O

Theorem 4.2.6. Let G be the primitive group of degree 276 of Msy and C' a linear
code . Then the following holds:

(a) There exist a set of self orthogonal doubly even projective codes.

(b) There exist a strongly reqular graphs related to two weight codes.

(c) There exist a set of Primitive Designs related to May.

(d) If k € M then Aut(Dy) = Say

Proof

(a) See proposition 4.2.1
(b) See proposition 4.2.2

(c) See table 4.7
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(d) See proposition 4.2.5

4.3 The Representation of Degree 759

We construct a 759-dimensional permutation module invariant under a permutation
group G acting on a finite set {2, of degree 759. We take the permutation module
to be our working module and recursively find all submodules . The permutation
module splits into 224 submodules. The submodules are the dimensions of the codes
related to permutation module . The module splits into seven completely irreducible
parts of length 1, 11,11, 44, 44,120 and 252 with multiplicities 3, 4, 4, 2, 2,2 and 1
respectively. Table 4.9 shows the 1st 112 submodules with dimension k£ from this
permutation module.

Table 4.9: Submodules from 759 Permutation Module

k # k # k # k #
o 1 79 1 241 3 297 3
1 1 186 1 242 9 298 1

11 1 187 3 243 3 307 1

123 18 1 252 4 308 3

13 1 197 1 253 12 309 1

22 1 198 3 2564 4 318 1

23 3 199 1 263 3 319 3

24 1 208 1 264 9 320 1

66 1 209 3 265 3

67 3 210 1 274 1

68 1 230 1 275 1

71 231 3 276 1

78 3 232 1 296 1

The remaining submodules are of dimension n — k.
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Partial submodule lattice is as shown in Figure 4.3

Figure 4.3: Partial Submodule lattice of degree 759
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From the lattice structure the submodules of dimension 1 and dimension 11 are
irreducible. We discuss ten non trivial submodules of small dimensions 11, 12, 12,
12, 13, 22, 23, 23, 23 and 24 . The binary linear codes of these submodules are

represented in table 4.10.

Table 4.10: Codes of Small Dimensions

Name Dimension Parameters Name Dimension Parameters

Crs9,1 11 [759,11,352]2  Crs96 22 [759,22,264],
Crs9,2 12 [759,12,253]2 Crs9,7 23 [759,23,253}2
Cr59,3 12 [759,12,352]2  Crs9.8 23 [759,23,264]9
Crs9.4 12 [759,12,352]2 Crs99 23 [759,23,264}2
Crs9,5 13 [759,13,253]2 Crs9,10 24 [759,24,253]9

We make some observations about the codes. These properties are examined with

certain detail in Proposition 4.3.1.

Proposition 4.3.1. Let G be the mathieu group Msy and Crsg1, Crs9.2, Crse3 be
non-trivial binary codes of dimension 11, 12, 22 respectively from a module of length

759.

i Then Cisg 1 is projective, doubly even, self orthogonal two weight [759, 11,352/,
code. The dual code of Crsg1 is a [159, 748, 3] is uniformly packed with weight

3.

it Then Crseo is self orthogonal,projective and doubly even [759, 12,352], code

with weight 352. The dual code of Crso is a [759, 747, 3], code with weight 3.

iti Then Crsgg is self orthogonal,projective and doubly even [759, 22, 264)> code
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of weight 264. The dual code of Crsge is a [759, 737, 3]y with weight 3. Fur-

thermore Aut(Cyrsg6) = May.

Proof

i The polynomial of C7s9, code is W, = 1 + 2762352 + 17712%%* From weight
distribution we see that there are two weights of non-zero codewords of C7sg 1.
Since the weights are divisible by 4, C7s91 is doubly even. Hence Crs9, is
self orthogonal. The minimum weight of C759, code is 3. Hence Cls, is
projective. It follows that Cls, is a l-error-correcting code. A two-weight

code is uniformly packed since .

ii The polynomial of this code Crsgo is Weyy,, = 1 + 2762%2 + 20242°™ +
1771238 + 24259 . The weights of codewords of Crsgo are divisible by 4.
Since the weights of this codewords are divisible by 4, Crs92 is doubly even.
Hence Crsg 2 is self orthogonal. The minimum weight of C5 , code is 3. Hence

Crs9,2 1s projective.

iii The polynomial of this code Crsoq is W(z) = 1 + 12882251 + 26565232 +
276828232 4+ 510048230 + 6800642370 + 177277123 + 807576239 + 971522408 +
21252241 + 759248 The weight distribution of Crsg6 is given above. Since the
weights all codewords of Crs9 6 are divisible by 4, Crs96 is doubly even. Hence
Crso,6 1s self orthogonal. The minimum weight of C7;9 ¢ code is 3. Hence Ca

is projective.
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m
The binary code Crs91 is connected to a strongly regular graph whose properties

are given in lemma 4.3.2.

Lemma 4.3.2. T(Crs9.1) is a strongly reqular [2048, 759, 310,264] graph with spec-

trum [759]",[207]276,[-2783] 1771.

Remark 4.3.3. From the weight distributions we can further make the following
deductions;
i. The codewords of minimum weight 352 in Cqse1 are isomorphic to |May = 2.|.

i. The codewords of weight 384 in Cqse1 are isomorphic to |26 : 3 : S|

Designs of Minimum Weight in Cr59;

We determine t-designs of minimum weight in Crs9;. Table 4.11 shows Deigns of
codewords of minimum weight in Cy76 ;. Column one gives the code C; of weight m
and column two represents the parameters of the 1-designs D,,, . In column three
we give the number of blocks of D,, , column four shows the automorphism group

of the design D,,,,.

From table 4.11 we observe that Aut(D,, ) = My, .
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Table 4.11: Deigns of codewords of minimum weight in Cazg ;

Code Du,, No of Blocks Aut(D,,,)
(759, 11, 352]  1-(759,352, 128) 276 Y
(759, 12, 253]  1-(759,352, 128) 276 Moy
(759, 12, 352]  1-(759, 352, 128) 276 Moy
(759, 13, 253]  1-(759, 253, 8) 9276 Moy
[759, 22, 264]  1-(759, 264, 448) 1288 Moy
(759, 23, 253]  1-(759, 253, 8) 24 Moy
(759, 23, 264]  1-(759, 264, 448) 1288 Moy
(759, 24, 253]  1-(759, 253, 8) 24 Moy

Symmetric 1-design

We use orbits of the point stabilizer to construct symmetric 1 - designs invariant
under G constructed from orbits of the rank - 4 permutation representation of degree
759. Let €2 be the primitive G - set of degree 759 and 1, €25, 23, 04 with subdegrees
1, 30, 280 and 448 respectively denote the sub orbits of G on €2 with respect to the

point stabilizer 2% : Ag group.

We consider the p - element subsets {ij, 2,73} of the set{1,2,3} to form

p
distinct unions of suborbits €2;. Table 4.12 shows Designs from primitive group of

degree 759. Column one represents the 1-design Dj of orbit length k, the column
TWO gives the orbit length, column three shows the parameters of the 1-designs

Dy, and column four gives the automorphism group of the design.
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Table 4.12: Designs from primitive group of degree 759

Design orbit length parameters Automorphism Group
D3 30 1-(759,30,30) Moy
Dago 280 1-(759,280,280) May
Dyas 448 1-(759,448,448) Ay
D3y 31 1-(759,31,31) May
Dogy 281 1-(759,281,281) Moy
Dy49 449 1-(759,449,449) May
D310 310 1-(759,310,310) May
Dyrs 478 1-(759,478,478) Moy
Dros 728 1-(759,728,728) May
D311 311 1-(759,311,311) Moy
Dyrg 479 1-(759,479,479) May
D729 729 1-(759,729,729) Moy
D7ss 758 1-(759,758,758) May

Proposition 4.3.4. Let G be the primitive group of degree 759 of mathieu simple
group May. Define the set M such that M = {30,280, 448, 31,281,449, 310, 478,728, 311, 479, 72¢
If k € M then Aut(D) = My, .
Proof
We consider the case when k € M. The only composition factor of Aut(Dy) is May.
This implies that Aut (Dy) = Moy
Theorem 4.3.5. Let G be the primitive group of degree 759 of My, and C' a linear
code admitting G as an automorphism group. Then the following holds:
(a) There exist a graph that is strongly reqular associated with two weight codes.
(b) There exist a set of self orthogonal doubly even projective codes.
(c) There exist a set of Primitive Designs related to May.

(d) AUt(DK)g M24.
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Proof

(a) See proposition lemma 4.3.2

(b) See proposition 4.3.1

(c) See table 4.11

(d) See table 4.12

4.4 The Representation of Degree 1288

From the action of the permutation group G on a finite set €2, of degree 1288, we
construct a 1288-dimensional permutation module invariant under GG. We take the
permutation module to be our working module and recursively find all submodules
. The permutation module splits into 252 submodules. These submodules represent
the dimensions of the codes associated with a module of length 1288 . The module
breaks into nine completely irreducible parts of size 1, 11,11, 44, 44, 120, 220, 220
and 252 of multiplicities 4, 4, 4, 3, 3, 2, 1, 1 and 1 respectively. Table 4.13 shows

the 1% 140 submodules with the dimension k from this permutation module.
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Table 4.13: The 1°¢ 140 Submodules with the Dimension k from 1288 Permutation Module.

k # k # k # k # k # k
0 1 112 1 276 2 407 1 474 1 539 3
1 1 18 1 277 1 417 1 48 3 540 3
11 1 187 1 286 2 418 1 484 4 551 1
121 230 1 287 3 428 1 48 1 561 1
22 1 231 4 288 1 429 1 494 1 562 1
23 1 232 2 297 2 450 1 495 2 572 1
45 1 241 1 298 3 451 3 496 1 573 2
56 1 242 2 299 1 452 1 506 3 574 1
57 1 243 1 331 1 461 3 507 3 583 1
66 1 252 1 332 1 462 5 517 5 584 2
67 2 253 2 342 1 463 1 518 4 585 1
68 1 254 1 343 1 472 4 528 5 595 1
111 1 275 1 406 1 473 6 529 5 596 1

The remaining submodules are of dimension n — k

Partial submodule lattice is as shown in Figure 4.4
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406 297 287 287 277 254 230 187 111 68

Figure 4.4: Submodule Lattice of degree 1288

From the lattice structure, submodules of dimension 1 and dimension 11 are irre-

ducible.

We discuss four non trivial submodules of small dimensions 11, 12, 22, and 23 .

The binary linear codes of these submodules are represented in table 4.14.
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Table 4.14: Codes of small dimensions

Name Dimension Parameters

C1oss,1 11 [1288,11,640]5
Ci2ss,2 12 [1288,12,616]2
C1o88,3 22 [1288,22,448]5
Ci2s88,4 23 [1288,23,448]5

We make some observations about the codes. These properties are examined with

certain detail in Proposition 4.4.1.

PI‘OpOSitiOI’l 4.4.1. Let G be the mathieu group M24 and 01288,1; 01288,27 01288,3 be
non-trivial binary codes of dimension 11, 12, 22 respectively derived from a module

of length 1288. Then the following holds;
i) Choss1 is a doubly even, self orthogonal and projective [1288, 11,640] binary
code . The dual code of Ciagsq is [1288, 1277, 3] binary code .

i) Closso s a doubly even, self orthogonal and projective [1288, 12,616] binary

code . The dual code of Ciass o is [1288, 1276, 4] binary code .

iii) Chasss s a doubly even, self orthogonal and projective [1288, 23, 448] binary

code . The dual code of Ciags 3 is [1288, 1265, 4] binary .

iv) Chagsa is doubly even, self orthogonal projective [1288, 23, 448] binary code .

The dual code of Ciagsa is a [1288, 1265, 4] .

proof

i The polynomial of this code Ciags 1 is Wernggs, = 1 4 1771254 + 2762572, We
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1l

v

observe that both codewords have weights divisible by 4. Hence Cjogg;1 is
self orthogonal. The minimum weight of Cjyes; code is 3. Hence Ciagsy is

projective.

The weight distribution of this code Ciags 2 is Wy, = 14276210 +17712548 +
2762572 + 2128 We observe that both codewords have weights divisible by 4.
Hence Ciggso is self orthogonal. The minimum weight of Ciyeg, code is 4.

Hence Ciass,2 is projective.

The polynomial of this code Cjasg3 is

Weisgss = 14 759248 4 265652570 4 17001625 + 971522%'° + 510048253 +-
1772771250 + 680064254 + 63756025 + 276828257 4 2125227%¢ 4 1288272
Since the weight of all codewords of Cyogs 3 are divisible by 4, Cyags 3 is doubly
even. Hence Ciass 3 is self orthogonal. The minimum weight of Ciygg 5 code is

4. Hence Cyggs3 is projective.

The polynomial of this code Cyags4 is

Weigsss = 1+ 7592 4+ 128829 + 2125225°% + 265652°™ 4 170016250 +
3739802%1°+6375602%24+5100482%32 424528352540 42452835248 + 5100482556 +
637560294 4 373980257 4 1700162%%% + 2656542 + 21252270 4 128822 +
7592810 4+ 21288 Since weights of all codewords of Cjagg 4 are divisible by 4,
Ciass 4 is doubly even. Hence Cjags 4 is self orthogonal. The minimum weight

of Cf28874 code is 4. Hence Cyags4 is projective. O
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Since Ciagg; is a two weight code, a strongly regular graph I'(Ciagq ;) is obtained.
Lemma 4.4.2. T(C’ﬁg&l) is a strongly regqular [2048, 1288, 792,840] graph with
spectrum [1288]1, [8]17™ [—56]%7C.

Remark 4.4.3. This graph has not been mentioned by Calderbank.

Remark 4.4.4. Codewords of Chass1 and codewords of Clyeg are discussed geo-

metrically;

i. The words of Clegs1 are the the blocks of the design Deag.
ii. The words of weight 640 in Ciagg1 are isomorphic to 2° : 3.Ss.

itt. The codewords of weight 672 in Ciags 1 are isomorphic to Mg : 2.

Designs of Minimum Weight in Cggs;

We determine designs of minimum weight in Ciog5,. Table 4.15 shows Deigns of
minimum weight in Casg;. Column one indicates the code of weight m and column
two shows the parameters of the 1-designs. In column three we give the number of
blocks and column four we list the automorphism group of the design.

Table 4.15: Deigns of minimum weight in Clags

Code Duw,, No of Blocks Aut(D,,,)
[1288, 11, 640] 1-(1288, 640, 880) 1771 Mag
[1288, 12, 616] 1-(1288, 616, 138) 276 Moy
(1288, 22, 448]  1-(1288, 448, 264) 759 Moy
[1288, 23, 448]  1-(1288, 448, 264) 759 May

Table 4.15 shows that t-designs of minimum weights are isomorphic to Mgy
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Symmetric 1-design

In this section we examine all symmetric 1-designs invariant under Mathieu group
Ms4 and constructed from orbits of the stabilizer. Let 2 be the primitive G - set of
degree 1288 and €2y, €25, 23 with subdegrees 1, 495 and 792 respectively denote the

sub orbits of G on €2 with respect to the point stabilizer M, : 2 group.

3
We consider the subset {1, 12,13} of the set{1,2,3} to form distinct unions

p
of suborbits €2;. Table 4.16 shows Designs from primitive group of degree 1288.

Column one shows the 1-design Dy of orbit length k, column two represents the
orbit length, the third column gives the parameters of the 1-designs Dy and column

four gives the automorphism group of the design.

Table 4.16: Designs from primitive group of degree 1288

Design orbit length parameters Automorphism Group
Dyos 495 1-(1288,495,495) Moy
D792 792 1-(1288,792,792) Moy
D4gg 496 1-(1288,496,496) Moy
D193 793 1-(1288,793,793) Moy
Diog7 1287 1-(1288,1287,1287)

Proposition 4.4.5. Let G be the mathieu simple group My, and ) the primitive
G-set of size 1288 defined by the action on the cosets of Mya:2. Let f ={A%: g € G}
and Dy, = (92, B). Define the sets M and N such that M = {495,792,496, 793} and

N = {1287}. Ifk € M then Aut(Dy) = My,

Proof First, we consider the case when k € M. The only composition factor of
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Aut(Dy,) is M. This implies that Aut(Dy) = Moy O

Theorem 4.4.6. Let G be the primitive group of degree 1288 of Msy and C' a linear
code . Then there exist:

(a) a strongly reqular graphs related to two weight codes

(b) a set of self orthogonal doubly even projective codes. .

(c) a set of Primitive Designs related to Moy.

(d) a set of primitive symmetric 1-designs

Proof

(a) See lemma 4.4.2
(b) See proposition 4.4.2
(c) See table 4.15

(d) See table 4.16

4.5 Representation of Degree 1771

Suppose G is the Mathieu group Msyy. The action of G on the sextet to generates the
point stabilizer 26 : 3.5 . The group G acts on this point stabilizer to form orbits .
The orbits of this point stabilizers are 1, 30, 280 and 448. For a primitive group G
acting on a 2, it follows from theorem 3.4.1 and 3.4.2 that if we form orbits of the

point stabilizer and take their images under the action of the full group,represents
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the blocks of of a symmetric 1 - design.

Symmetric 1- Design

In this section we examine all designs invariant under G. Let ) be the primitive G -
set of degree 1771 and 2y, €25, Q3, 4, with subdegrees 1, 90, 240, 1440 respectively

denote the sub orbits of G on  with respect to the point stabilizer 2° : 3.55. We

4
consider the subsets {i1, is, 3,14} of the set{1, 2,3, 4} to form distinct unions

p

of suborbits ;. Observe that k = ‘ UL, Q;;| where 1 <p<4and 1<k <1770.

Table 4.17 shows Designs from primitive groups of degree 1771 .t Column one rep-
resents the 1-design Dy of orbit lengh k, column two gives the orbit length, column
three shows the parameters of the 1-designs D;. and column four gives the automor-

phism group of the design.
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Table 4.17: Designs from Primitive Group of Degree 1771

Design orbit length parameters Automorphism Group
Dyo 30 1-(1771,90,90) Moy
Doyg 280 1-(1771,240,240) Moy
D440 1440 1-(1771,1440,1440) Aoy
Dg1 31 1-(1771,91,91) Moy
Doy 241 1-(1771,241,241) M 94
D41 1441 1-(1771,1441,1441) M o4
D330 330 1-(1771,330,330) M o4
D530 1530 1-(1771,1530,1530) M o4
D1gso 1680 1-(1771,1680,1680) M 94
D331 331 1-(1771,331,331) M 94
Dis531 1531 1-(1771,1531,1531) M o4
Digs1 1681 1-(1771,1681,1681) M 94
Dq779 1770 1-(1771,1770,1770) M o4

Proposition 4.5.1. Let G be the Mathieu simple group Moy, and ) the primitive
G-set of size 1771 defined by the action on the cosets of Mag:2. Let f = {A9: g € G}

and Dy = (Q,3). Then the Aut(Dy) = Moy

Proof

The only composition factor of Aut(Dy) is My This implies that Aut(Dy) =

M24 ]

Binary Codes

We note that the binary row span of the incidence matrices of each design Dy, yield
the code denoted Ci. We examine the properties of some of the codes C; where

computations are possible.
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Proposition 4.5.2. Let G be the primitive group of degree 1771 of Moy and C' a

linear code admitting G as an automorphism group. Then the following holds:

i Cysg 18 a, self orthogonal and doubly even projective [1771, 22,264] binary code.

The dual code Ciyg is a [1771, 737, 3] binary code of weight 3.

it Cs11 1s a projective [1771, 23,264] binary code with 1288 words of weight 264.

C31, of Csyy is a [1771, 756, 4] binary code.

Proof

i The weight distribution of this code is Cug = 14+ 1288x%64 + 26565x32° +
276828x3%2 4510048x3%0 + 680064x376 4 1772771x384 4 807576x3%? + 97152x*08
+ 21252xM6 4+ 759x*® From the weight distribution of Cug , we observe that
codewords have weights divisible by 4. Cysg is doubly even. Hence Cyyg is self

orthogonal. The minimum weight of Cj;4 code is 3. Hence Cyyg is projective.

ii The weight distribution of this code is Cs;; = 14+ 1288x264 4 759x311 +
26565x3° + ... The minimum weight of C3;, code is 4. Hence Cs;; is pro-

jective. ]

Theorem 4.5.3. Let G be the primitive group of degree 1771 of Myy and C' a linear
code and D a primitive design admitting G as an automorphism group. Then the

following holds:

(a) There exist a self orthogonal doubly even projective code.
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(b) There exist a set of Primitive Symmetric 1-Designs related to May.

(¢c) Aut((Dy) = My,

Proof

(a) See proposition 4.5.2
(b) See table 4.17

(c) See table 4.17

4.6 The Representation of Degree 2024

Let G be the Mathieu group Ms,. Group G acts on the triad to generate the point
stabilizer L3(4) : S5 .The point stabilizer is a maximal subgroup of degree 2024 in
G. The group G acts on this point stabilizer to form orbits . The orbits of this point
stabilizers are 1, 63, 210, 630 and 1120. Given a primitive permutation group G
acting on a set €, it follows from theorem 3.4.1 and 3.4.2 that if we form orbits of the
point stabilizer and take their images under the action of the full group, we obtain

the blocks of of a symmetric 1 - design with the group G acting as an automorphism

group.
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Symmetric 1- Designs

In this section we examine all designs invariant under G. Let €2 be the primitive
G - set of degree 2024 and €2y, €25, Q3, €y, 25, with subdegrees 1, 63, 210,630 and
1120 respectively denote the sub orbits of G on €2 with respect to the point stabilizer

L3(4) : S3. We consider the p - element subsets {1, is, i3, i4, i5} of the set{1,2,3,4,5}
5
to form distinct unions of suborbits §2;. Observe that k = ‘ U7,

p
I1<p<Hand 1<k <2024.

where

In Table 4.18 the first column represents the 1-design Dy of orbit length k, the
second column gives the orbit length, the third column shows the parameters of the

1-designs Dy and the fourth column gives the automorphism group of the design.
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Table 4.18: Designs from primitive group of degree 2024

Design orbit length parameters Automorphism Group
Dgs 63 1-(2024, 63, 63) Sao4
Des 64 1-(2024,64,64) Sa4
Do1g 210 1-(2024,210,210) Moy
Do1s 211 1-(2024,211,211) Moy
Dgso 630 1-(2024,630,630) S 24
Di120 1120 1-(2024,1120,1120) M o4
De31 631 1-(2024,631,631) S 94
Di121 1121 1-(2024,1121,1121) M o4
Dors 273 1-(2024,273,273) M o4
Dgos 693 1-(2024,693,693) S o4
Di1s3 1183 1-(2024,1183,1183) M 94
Ds4o 840 1-(2024,840,840) M o4
D1330 1330 1-(2024,1330,1330) S 24
D1750 1750 1-(2024,1750,1750) S 24
Dory 274 1-(2024,274,274) M o4
De9a 694 1-(2024,694,694) S 94
Di1s4 1184 1-(2024,1184,1184) M o4
Dsa1 841 1-(2024,841,841) M o4
Di331 1331 1-(2024,1331,1331) S 24
D751 1751 1-(2024,1751,1751) S 24
Dgp3 903 1-(2024,903,903) M o4
D1393 1393 1-(2024,1393,1393) S 24
D1960 1960 1-(2024,1960,1960) S o4
Disgi13 1813 1-(2024,1813,1813) M o4
Dooa 904 1-(2024,904,904) M o4
D13g4 1394 1-(2024,1394,1394) S 24
Dogas 2023 1-(2024,2023,2023) S 24
D1g61 1961 1-(2024,1961,1961) S 24
Digi14 1814 1-(2024,1814,1814) M o4

Proposition 4.6.1. Let G be the Mathieu simple group Moy, and ) the primitive
G-set of size 2024 defined by the action on the cosets of L3(4) : S3. Let M and N
be the sets M =[210,211,1120,1121,273,1183, 840,274,1184,841,903,1813,904,1814]
and N = [63, 6,650, 631,693,1330,1730,69/4, 1331,1751, 1393, 1960, 1394, 2023,

1961]. Let B = {A9: g € G} and Dy, = (Q,8). Then the following hold:

i Dy is a primitive symmetric 1 — (2024, A |,| A '|) design.
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i If k € M, then |Aut(Dy)| = Moy

ii If k € N, then |Aut(Dy)| = Say

Proof
i From theorem 3.4.1, it is clear that G acts as an automorphism group, primitive
on points and on blocks of the design and so G C Aut(Dy,).

ii First, we consider the case when k € M. The only composition factor of Aut(Dy,)

is Myy. This implies that Aut(Dy) = Moy

iii We consider the case when k € N. The composition factors of Aut(Dy) are Zs

and Agy. This implies that Aut(Dy) = Soy. O

Binary Codes

We note that the binary row span of the incidence matrices of each design Dy, yield
the code denoted Cj. In the following subsections, we examine the properties of

some of the codes Cy where computations are possible.

Proposition 4.6.2. Cg3; is a projective [2024, 24,253] binary code . The dual code

Clyy of Csn is a [2024, 2000 , 4] .

Proof

The minimum weight of Cg;; code is 4. Hence Cgg; is projective.
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Theorem 4.6.3. Let G be the primitive group of degree 1771 of My and C' a linear
code and D a primitive design admitting G as an automorphism group. Then the

following holds:

(a) There exist a self orthogonal doubly even projective code.

(b) There exist a set of Primitive Symmetric 1-Designs related to May.

Proof

(a) See proposition 4.6.2

(b) See table 4.18

4.7 The Representation of Degree 3795

Let G be the Mathieu group Msy. Group G acts on the trio to generate the point
stabilizer 20 : L3(2) : S .The point stabilizer is a maximal subgroup of degree 3795
in G. The group G acts on this point stabilizer to form orbits . The orbits of this
point stabilizers are 1, 42, 56, 1008 and 2688. It follows from theorem 3.4.1 and
3.4.2 that if we form orbits of the point stabilizer and take their images under the
action of the full group, we obtain the blocks of of a symmetric 1 - design with the

group G acting as an automorphism group.
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Symmetric 1-Designs

In this section we examine all designs invariant under G. Let €2 be the primitive
G - set of degree 3795 and 2y, €25, 3, 2y, 25, with subdegrees 1, 42, 56, 1008 and
2688 respectively denote the sub orbits of G on §2 with respect to the point stabi-

lizer L3(4) : S3. We consider the subsets {i1, 2,3, 14,5} of the set{1,2,3,4,5} to

5
form distinct unions of suborbits €2;. Observe that & = ‘Ufl Q;

p
I1<p<bHand 1<k < 3795.

where

Table 4.19 shows Designs from Primitive Group of Degree 3795. Column one repre-
sents the 1-design Dy of orbit length k, column two gives the orbit length, column
three shows the parameters of the 1-designs Dy, and column four gives the automor-

phism group of the design.
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Table 4.19: Designs from Primitive Group of Degree 3795

Design orbit length parameters Automorphism Group
Dyo 42 1-(3795, 42, 42) Moy
Dys 43 1-(3795,43,43) Moy
Dsg 56 1-(3795,56,56) Moy
D5~ 57 1-(3795,57,57) Moy

Dygos 1008 1-(2024,1008,1008) M o4

Dogss 2688 1-(3795,2688,2688) M o4

D009 1009 1-(3795,1009,1009) M o4

Doagso 2689 1-(3795,2689,2689) M o4
Dos 98 1-(3795,98,98) M o4

D1os0 1050 1-(3795,1050,1050) M o4

D730 2730 1-(3795,2730,2730) M o4

D064 1064 1-(3795,1064,1064) M o4

Doray 2744 1-(3795,2744,2744) M o4

D3g96 3696 1-(3795,3696,3696) M o4
Dyg 99 1-(3795,99,99) M o4

D1o51 1051 1-(3795,1051,1051) Moy

Do731 2731 1-(3795,2731,2731) Moy

D1oss 1065 1-(3795,1065,1065) M o4

Da7a5 2745 1-(3795,2745,2745) Moy

D3g97 3697 1-(3795,3697,3697) Moy

D106 1106 1-(3795,1106,1106) Moy

Dor7se 2786 1-(3795,2786,2786) M o4

D3752 3752 1-(3795,3752,3752) M 94
D373s 3738 1-(3795,3738,3738) M 94
Di107 1107 1-(3795,1107,1107) M o4
Doarg7 2787 1-(3795,2787,2787) M 94
D3794 3794 1-(3795,3794,3794) M 94
Ds7s3 3753 1-(3795,3753,3753) M 94
D3739 3739 1-(3795,3739,3739) M o4
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Proposition 4.7.1. Let G be the mathieu simple group Moy, and 2 the primitive
G-set of size 3795 defined by the action on the cosets of 2° : L3(2) : S¢. Let B =

{09 g € G} and Dy, = (2, 8). Then the following hold:

i Dy is a primitive symmetric 1 — (3795, A |,| A |) design.

Proof

i From theorem 3.4.1, it is clear that G acts as an automorphism group, primitive

on points and on blocks of the design and so G C Aut(Dy,).

ii The only composition factor of Aut(Dy) is Myy. This implies that Aut(Dy)

= Moy O

Theorem 4.7.2. Let G be the primitive group of degree 3795 of May and D a

primitive design admitting G as an automorphism group. Then the following holds:

(a) There exist primitive symmetric 1-designs.

Proof

(a) See table 4.19

(b) See table 4.19
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4.8 Conclusion

We constructed and enumerated all G-invariant codes from primitive permutation
representations of degree 24, 276, 759, and 1288 from the simple group Ms,. The
computations were carried recursively in Magma with a built-in component of Meat-
Axe. We classified the G-invariant codes using the lattice diagram. From the
lattice diagram we found one self dual [24, 12, 8] code, four irreducible codes and
several decomposable codes. We also constructed codes of small dimensions due to
computer limitations and found several self orthogonal and projective codes. We
also found two strongly regular graphs from a representation of degree 276 and 759.
These graphs are known. We determined designs from some binary codes using
codewords of minimum weight. We found that all the designs were primitive. We
constructed symmetric 1-designs from the primitive permutation representations
of degree 24,276,759, 1771, 2024 and 3795. We found that in most cases the full

automorphism group of the design was Moy .
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Chapter 5

Mathieu Group Ms;

My is the point stabilizer in My, It is a 3-transitive permutation group on 23
objects. . It is the automorphism group of the Steiner system S(4,7,23), whose
253 heptads arise from the octads of S(5,8,24) containing the fixed point. It is also
described as the automorphism group of the binary Golay code of dimension 12,

length 23, and minimal weight 7, or as a subcode of even weight words[35].

There are seven primitive permutation representations of degree 23, 253, 253,506,1288,
1771, and 40320 respectively [35]. The seven primitive permutation representations
are as shown in the table 5.1 , where column one gives the structure of the maximal
subgroups; two gives the degree (the number of cosets of the point stabilizer); three
gives the order of the maximal subgroups; four gives the number of orbits of the

point-stabilizer, and the rest give the length of the orbits.

The action of G on geometrical objects point, duad, heptad, octad, dodecad, and
triad respectively describes the primitive representations . The elements of each
degree generate a permutation module over F. We determine orbits of the point

stabilizer through cosset action of a group G on its maximal subgroups.
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Table 5.1: Primitive permutation representations of My, .

Max.sub Degree  Order # Length Length Length Length Length

Moo 23 443520 2 22
L3(4): 25 253 40320 3 42 210
24 Ay 253 40320 3 112 140
Ag 506 20160 4 15 210 280
My, 1771 7920 8 20 60 90 160 480(3)
2:3xA5:2 1288 7920 4 165 330 792
23:11 40320 253 164 23(4)  253(159)

In this chapter,we enumerate and classify all G-invariant codes of G preserved
by primitive groups of degree 23, 253,253 and 506 using modular representation
method. We study the properties of some binary codes where computations are

possible. We determine symmetric 1-designs from the primitive group G.

5.1 The Representation of Degree 23

Given a permutation group G acting on a finite set {2, we find all submodules of
the permutation module. The submodules constitutes the building blocks for the
construction of a lattice of submodules . Let G be the Mathieu group Mas. Group
G acts on a point to generate the point stabilizer My, . The point stabilizer is a
maximal subgroup of degree 23 in G. The group G acts on this maximal subgroup
over [Fy to form a module of dimension 23 . We take the permutation module to be
our working module and recursively find all maximal submodules . The recursion

stops as soon as we obtain all maximal submodules. We find that permutation
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module splits into maximal submodules of dimension 1, 11, 12 and 22. The module
breaks down into three completely irreducible parts of length 1, 11, and 11 with
multiplicities 1, 1, and 1 respectively. The submodule lattice is as shown in Figure

4.1

23

12 22

Figure 5.1: Submodule Lattice of the 23 Dimensional Permutation Module

The submodules of dimensions 1 and 11 are irreducible .

We obtain two non trivial submodules of dimensions 11 and 12. The binary linear
code from this representations is [23,11,8] and its dual [23, 12, 7]. We shall denote
the code Cysy and its dual Cgg ;. The weight distribution of these codes is given in

Table 5.2 below.

Table 5.2: The weight distribution of the codes from a 24-dimensional representation.

name dim 0 7 8 11 12 15 16 23

Cy1 11 1 506 1288 253
C’Ql?)j1 121 253 506 1288 1288 506 253 1

We make some observations about the properties of these codes in Proposition 5.1.1.
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Proposition 5.1.1. Let G be the Mathieu group Mss and Cas1 a binary code of
dimension 11 from a module of degree 23. Cas; s self orthogonal doubly even
projective [23, 11,8] binary code . The dual code C2L3,1 of Cozy is a [23, 12, 7] .

Furthermore Casy is irreducible and Aut( Cagq) = Mog.

proof

The submodule 12 represents the dimension of binary code Ca3; . From this sub-
module we determine the binary linear code [23, 11,8]. The polynomial of this code
is W(z) = 1+ 5062% + 1288z'? + 2532'%. From the polynomial we deduce that
the weight of codewords are divisible by 4. Therefore Cs3; is doubly even. The
minimum weight of Cg3; code is 7. Hence Cyg; is projective. From the lattice
structure the submodule 12 is a direct sum of trivial submodules 11 and 1 respec-
tively which implies that Cqs 1 is irreducible. For the structure of the automorphism
group, let G = Aut(Cs41). Composition factors of G are 7, and Mss and the order
of G is 10200960. This implies that G = Ma3. Since My C G, we conclude that

G > Moy O

Designs of Codewords of minimum weight in [23,11,8] Code

We determine designs of codewords of minimum weight in Cy3;. Table 5.3 shows
deigns of codewords of minimum weight in Cs3; where column one represents the
code Uy of weight m and column two gives the parameters of the 3-designs D,

. In column three we list the number of blocks of D,, , four tests whether or not a
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design D, is primitive under the action of Aut(C).

Table 5.3: Deigns held by the support of codewords in Cag

m Dy, No of Blocks primitive
8  3-(23, 8, 16) 506 yes
12 3-(23, 12, 160) 1288 ves
16 3-(23, 16, 80) 253 yes
8  2-(23, 8, 56) 506 yes
12 2-(23, 12, 336) 1288 yes
16 2-(23, 16, 120) 253 ves
8 1-(23, 8, 176) 506 yes
12 1-(23, 12, 672) 1288 yes
16 1-(23, 16, 176) 253 yes

Remark 5.1.2. From the results in table 5.3 we observe that Aut(C) is primitive

on Dy,

Maximal subgroups of degree 506, 1288, and 253 in table 5.1 are stabilizers in Mo
and the blocks 506, 1288,and 253 in table 5.3 represents codewords of weight 8, 12

and 16 respectively.

Symmetric 1- Designs

From theorem 3.4.1 , if we form orbits of the point stabilizer and take their images

under the action of the full group, we obtain the blocks of of a symmetric 1 - design

In this section we consider G to be the simple Mathieu group Ms; and examine
symmetric 1-design invariant under G constructed from orbits of the rank - 2 per-

mutation representation of degree 23.
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Table 5.4 shows Symmetric 1-Design where column one represents the 1-design Dy
of orbit length k, column two gives the orbit length, column three shows the param-
eters of the symmetric 1-design Dy and column four gives the automorphism group

of the design.

Table 5.4: Symmetric 1-Design

Design orbit length  parameters Automorphism Group
D22 22 1—(23,22,22) A23 12

Proposition 5.1.3. Let G be the mathieu simple group Mg, and 2 the primitive
G-set of size 23 defined by the action on the cosets of Mys. Let § = {A9: g € G}

and Dy, = (Q, B). Then the following hold:

i Dy 1s a primitive symmetric 1 — (23,| A |,| A |) design.

Proof

i From theorem 3.4.1, it is clear that G acts as an automorphism group, primitive

on points and on blocks of the design and so G C Aut(Dy,).

ii The order of Aut(Dy,) is 25852016738884976640000. The factors of 25852016738884976640(
are 2 and 12926008369442488320000 which corresponds to the composition fac-
tors Zy and Ayz and so Aut(Dy)= Ass : 2. This implies that Aut(Dy) = Ao :

2 U
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Theorem 5.1.4. Let G be the primitive group of degree 23 of Mas and C a linear

code admitting G as an automorphism group. Then the following holds:

(a) There exist a self orthogonal irreducible doubly even projective code.

(b) There exist a set of Primitive Designs related to Mag.

5.2 The 1** Representation of Degree 253

Let G be the Mathieu group My3. Group G acts on a duad to generate the stabilizer
L4(4) : 2. The stabilizer is a maximal subgroup of degree 253 in G. The group G acts
on this maximal subgroup over F; to form a module of dimension 253 invariant under
G. The module breaks down into three completely irreducible parts of length 1, 11,
44, 44 and 120 with multiplicities 1, 2, 2, 1, 1 and 1 respectively. The submodules
of dimension 1, 11 and 44 are irreducible . The module splits into 54 maximal
submodules. These submodules are the dimensions of the codes related with the
module of dimension 253 invariant under G. Table 5.5 shows the Submodules from
a Module of dimension 253 . Column k represents the dimension of the submodule

and # the number of the submodules of each dimension.
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Table 5.5: Submodules from a Module of dimension 253

k
164
165
175
176
186

k # k #

208
209
230
231
241
242
252
253

95
56
66
67

11
12
22
23
44
45

7
78

187 5
2

2
1

197
198

88
89

)

\‘

‘\,ﬂ

W)
N

Figure 5.2: Submodule Lattice of Permutation Module of dimension 253
253

The submodule lattice is as shown in Figure 5.2

f
e

M7

§ ;

x
7

We discuss three non trivial submodules of small dimensions 11, 12 and 22. The

binary linear codes from this representations are [253,11,112], [253, 12,112] and [253,

We make some observations about the properties of these codes. These

22, 22].
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properties are examined with certain detail in Proposition 5.2.1.

Proposition 5.2.1. Let G be the Mathieu group Mas and Cassi, Cossa, Cosss,
Cas34 be non-trivial binary code of dimension 11, 12, 22, 23 respectively obtained

from the permutation module of degree 23. Then the following holds,

i Cassq is self orthogonal doubly even projective [253, 11,112] binary code . [253,
242, 3] is the dual code of Cas31 . Furthermore Chssq is irreducible and Aut(

Casz1) = Mos.

it Cosgo is projective [253, 12,112] binary code . [253, 241, 4] is the dual code of

Cassa . Furthermore Caszo is decomposable and Aut( Caszo) = Mas.

i1 Cass g 1s self orthogonal singly even projective [253, 22,22] binary code. [253, 231, 3],

is the dual code of Cos33 . Furthermore Aut( Coss 1) = Sass.
proof

i The submodule 11 represents the dimension of binary code Cays31 . From this
submodule we determine the binary linear code [253, 11,112],. The polynomial
of this code is W (z) = 1+ 253x'12 4 5062'%° + 1288232, From the polynomial
we deduce that the weight of this codewords are divisible by 4. Hence Cas3,1
is doubly even. The minimum weight of Cg;4, code is 3. Hence Cypsg; is pro-
jective. From the lattice structure the submodule 11 can not be broken down
which implies that Cog; is irreducible. For the structure of the automorphism

group, let G = Aut(Cass1). G has only one Composition factor Myss and the
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order of G is 10200960. This implies that G = Mas. Since My C G, we

conclude that G =2 Mo,

The submodule 12 represents the dimension of binary code Cas32 . From this
submodule we determine the binary linear code [253, 12,112],. The partial
weight enumerator of this code is W(x) = 14 253212 + 506220 + 1288z + ...
The minimum weight of Cyy3, code is 4. Hence Cys32 is projective. From the
lattice structure the submodule 12 is a direct sum of 11 and 1 which implies
that Cgso is irreducible. For the structure of the automorphism group, let
G Aut(Cass.2)- G has only one Composition factor Mass and the order of G
is 10200960. This implies that G = M,s. Since My; C G, we conclude that

G = Moy

The submodule 22 represents the dimension of binary code Cays33 . From this
submodule we determine the binary linear code [253, 22,22],. The polynomial
of this code is W (z) = 1 + 2322 + 2532 + 1771250 + 885527 + 336492 +
1009472192 + 245157212 +4903142'2° 48171902120 +114406623° + 13520782132,
We deduce that the weights of this codewords are divisible by 2. Cgs39 is
singly even. The weight of Cgs45 code is 3. Hence Cas33 is projective. For
the structure of the automorphism group, let G =2 Aut(Casz;). G has two
Composition factors Mass and Z,. This implies that G = Sbs3. We conclude

that @ = M23 ]
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Designs of Codewords of Minimum Weight in Cy3; Code

We determine designs of codewords of minimum weight in Cy3,;. Table 5.6 shows
Deigns of codewords in Cys3,; where column one represents the code Cys; of minimum
weight m and column two gives the parameters of the t-designs D, . In column
three we list the number of blocks of D,, , four tests whether or not a design D,,,,
is primitive .

Table 5.6: Deigns of codewords in Cass

m Dy, No of Blocks primitive
112 1-(253, 112, 112) 253 yes
22 1-(253, 22, 2) 23 yes
3 1-(253, 3, 21) 1771 yes
4 1-(253, 4, 1260) 79695 yes

Remark 5.2.2. From the results in table 5.6 we observe that Aut(C) is primitive

on D,

Symmetric 1- Designs

In this section we consider G to be the simple Mathieu group Mss3 and examine
symmetric 1-design invariant under G constructed from orbits of the rank - 3 per-
mutation representation of degree 253. Table 5.7 shows Symmetric 1-Design where
column one represents the 1-design D;. of orbit length k, column two gives the or-
bit length, t column three shows the parameters of the symmetric 1-design Dy and

column four gives the automorphism group of the design.
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Table 5.7: Symmetric 1-Design

Design orbit length parameters Automorphism Group
Dys 42 1-(253,42,42) Aoz : 2
Ds1g 210 1-(253,210,210) Agz 12
D43 43 1—(253,43,43) A23 22
Do11 211 1-(253,211,211) Aoz : 2
Doso 252 1-(253,252,252) Aosz 1 2

Proposition 5.2.3. Let G be the mathieu simple group Mg, and 2 the primitive
G-set of size 253 defined by the action on the cosets of Mas. Let § = {A9: g € G}

and Dy, = (Q, B). Then the following hold:

i Dy is a primitive symmetric 1 — (23, A |,| A|) design.
it Aut(Dy) = Agz : 2 for some k= 42, 210, 43, 211

Proof

i From theorem 3.4.1, it is clear that G acts as an automorphism group, primitive

on points and on blocks of the design and so G C Aut(Dy).

ii The composition factors of Aut(Dy) are Z; and Agz and so Aut(Dy)= Ag;s : 2.
This implies that Aut(Dy) & Asz : 2

]

Theorem 5.2.4. Let G be the primitive group of degree 23 of Mas and C' a linear
code admitting G as an automorphism group. Then the following holds:
(a) There exist a self orthogonal irreducible doubly even projective code.

(b) There exist a set of Primitive Designs related to Mag.
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5.3 The 2nd Representation of Degree 253

Let G be the Mathieu group Mss. Group G acts on heptad to generate a maximal
subgroup of degree 253 in G. The group G acts on the maximal subgroup over Fy
to form a module of dimension 253 invariant under G. The module breaks down
into three completely irreducible parts of dimensions 1, 11, 44, 44 and 120 with
multiplicities 1, 2, 2, 1 and 1 respectively. The two irreducible submodules are of
dimension 1 and 11 . The module splits into 14 submodules of dimension 1, 11,
12, 22, 23, 66, 67, 186, 187, 230, 231, 241, 242 and 252. These submodules are the
dimensions of the codes related with the module of dimension 253 . The submodule

lattice is as shown in Figure 5.3

Figure 5.3: Submodule lattice of permutation module of dimension 253
253

242 252

231 241
187 230
67 186
23 66

12 22

11

i,
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We discuss four non trivial submodules of small dimensions 11, 12, 22 and 23. The
binary linear codes from this representations are [253,11,112], [253, 12,77] , [253,
22, 88] and [253, 23, 77]. We make some observations about the properties of these

codes. These properties are examined with certain detail in Proposition 5.3.1.

Proposition 5.3.1. Let G be the Mathieu group M23 and 025371, 025372, 025373,
Cassa be non-trivial binary code of dimension 11, 12, 22, 23 respectively obtained

from the permutation module of degree 253. Then the following holds;

i Cassq is self orthogonal, doubly even and projective [253, 11,112] binary code .
[258, 242, 4] is the dual code of Cos31 . Furthermore Cassy is irreducible and
Aut( Copz1) = Mos.

i Coszo is [253, 12,77] binary code . [253, 241, 4] is the dual code of Casza .
Furthermore Casso is decomposable and Aut( Casz o) = Mas.

Wi Cassg is self orthogonal, doubly even and projective [253, 22,88] binary code
. [253, 231, 5] is the dual code of Casszs . Furthermore C' Lasss is 3-error
correcting code and Aut( Cyss3) = Moag.

iv Casga is projective [253, 23,77] binary code . [253, 230, 6] is the dual code of

Coss.4 . Furthermore Coss 4 is decomposable and Aut( Cass ) = Mas.

proof

i The submodule 11 represents the dimension of binary code Cays31 . From this

submodule we determine the binary linear code [253, 11,112];. The polynomial
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of this code is W (z) = 1 + 253z + 1771228 4 232!, We deduce that the
weight of codewords are divisible by 4. Cas3; is doubly even. The weight
of Cyss, code is 4. Hence Cyszy is projective. From the lattice structure the
submodule 11 is trivial which implies that Cag; is irreducible. For the structure
of the automorphism group, let G =2 Aut(Cas31). G has only one composition
factor M,z and the order of G is 10200960. This implies that G = Mas. Since

M,ys C G, we conclude that G =2 Mo,

The submodule 12 represents the dimension of binary code Cays32 . From this
submodule we determine the binary linear code [253, 12,112]. The weight of
C2L53,2 code is 4. Hence Cags3 9 is projective. From the lattice structure the sub-
module 12 is a direct sum of 11 and 1 which implies that Ca3 5 is decomposable.
For the structure of the automorphism group, let G = Aut(Cas32). G has only
one composition factor M,z and the order of G is 10200960. This implies that

G = Mys. Since Msys C G, we conclude that G =2 Mo,

The submodule 22 represents the dimension of binary code Cays33 . From this
submodule we determine the binary linear code [253, 22,88];. From weight
distribution , Cass3 is doubly even. The weight of Cys4 code is 5. For the
structure of the automorphism group, let G =2 Aut(Cys33). G has only one
composition factor Mays and the order of G is 10200960. This implies that G

= Mys. Since My; C G, we conclude that G =2 Mg

The submodule 23 represents the dimension of binary code Cas34 . From this

73



submodule we determine the binary linear code [253, 23,77]5. The weight of
C3s34 code is 6. From the lattice structure the submodule 23 is a direct product
of 22 and 1 which implies that Cy3 4 is decomposable. For the structure of the
automorphism group, let G = Aut(Cas34). G has only one composition factor
M,s and the order of G is 10200960. This implies that G = Mas. Since

M,s C G, we conclude that G =2 Mo, ]

Designs of codewords of minimum weight in Cys3;

We determine designs of codewords of of minimum weight in Cys3,. Table 5.8 shows
Deigns of codewords of minimum weight in Cas3,; where column one represents the
code Cys; of weight m and column two gives the parameters of the 1-designs D,
. In column three we list the number of blocks of D,, , four tests whether or not a
design D, is primitive .

Table 5.8: Deigns of codewords of minimum weight in Cass ;

Code m Designs No of Blocks Automorphism group Primitive
Casz1 112 1-(253, 112, 112) 253 Mos Yes
Cos3o 77 1-(253, 77, 7) 23 Mg yes
0253,3 88 1-(253, 88, 448) 1288 M23 yes
Cosza 77 1-(253, 77, 7) 23 Mos yes

Remark 5.3.2. From the results in table 5.8 we observe that Aut(C) is primitive

on all designs of minimum weight.

Maximal subgroups of degree 23, 253, and 1288 in table 5.1 are stabilizers in Mag
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and the blocks 23, 253,and 1288 in table 5.8 represents codewords of weight 77, 88

and 112 respectively.

Symmetric 1- Designs

It follows from theorem 3.4.1 that if we form orbits of the point stabilizer and take
their images under the action of the full group, we get blocks of a symmetric 1 -
design with the group G acting as an automorphism group. In this section we take
G to be the Mathieu group Ms3 and examine symmetric 1-design invariant under G
constructed from orbits of the rank - 3 permutation representation of degree 253.

Table 5.9 shows Symmetric 1-Design where column one represents the 1-design Dy
of orbit length k, the column two gives the orbit length, column three shows the
parameters of the symmetric 1-design Dy and column four gives the automorphism

group of the design.

Table 5.9: Symmetric 1-Design

Design orbit length parameters Automorphism Group
D112 112 1-(253,112,112) Mog
Digg 140 1-(253,140,140) Mog
Di13 113 1-(253,113,113) Mog
Dig1 141 1-(253,141,141) Mos
Doso 252 1-(253,252,252) Aoss 1 2

Proposition 5.3.3. Let G be the mathieu simple group Mz, and 2 the primitive
G-set of size 253 defined by the action on the cosets of Mas . Let § = {A9: g € G}

and Dy = (Q, B).Let M=[112,140,113,141] and N=[252]. Then the following hold:
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i Dy is a primitive symmetric 1 — (23, & |,| & |) design.
1w Fork € M7 Aut(Dk) = M23

iii For k € M, Aut(Dy) = Agss : 2

Proof

i From theorem 3.4.1 it is clear that G acts as an automorphism group, primitive

on points and on blocks of the design and so G C Aut(Dy,).

ii Aut(Dy) has only one composition factor Mys . This implies that Aut(Dy) =

Mo

iii The composition factors ofAut(Dy) are Z, and Ayss This implies that Aut(Dy) =

A253 12 ]

Theorem 5.3.4. Let G be the primitive group of degree 23 of Maz and C' a linear

code admitting G as an automorphism group. Then the following holds:

(a) There exist a set of self orthogonal doubly even projective codes.

(c) Aut(C) is primitive on all t-designs held by the support of codewords of mini-

mum weight related to Moy.
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5.4 The Representation of degree 506

Given a permutation group G acting on a finite set €2, we decompose the permutation
module into submodules. These constitutes the building blocks for the construction
of a lattice of submodules where possible . Let G be the Mathieu group Mys. Group
G acts on octad to generate the maximal subgroup of degree 503 in G. The group
G acts on a maximal subgroup over 5 to form a module of dimension 506 invariant
under G. The module breaks down into three completely irreducible components
of dimensions 1,11, 11, 44, 44, 120 and 252 with multiplicities 2, 2, 2, 1, 1, 1 and
1 respectively. There two irreducible submodules of dimension 1 and 11 in this
representation . The permutation module splits into 30 maximal submodules. The
1st five submodules are 1, 11, 12, 22 and 23. The submodule lattice is as shown in

Figure 5.4
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Figure 5.4: Submodule lattice of the 506 dimensional permutation module

206

We discuss four non trivial submodules of small dimensions 11, 12, 22 and 23. The
binary linear codes from this representations are [506,11,176], [506, 12,176] , [506,
22, 176] and [506, 23, 170]. We make some observations about the properties of

these codes. These properties are examined with certain detail in Proposition 5.4.1.

Proposition 5.4.1. Let G be the Mathieu group M23 and 0506,1; 0506,27 0506,37
Cs064 be nmon-trivial binary codes of dimension 11, 12, 22, 23 obtained from the

permutation module of degree 506. Then

i . Csop,1 15 self orthogonal, doubly even and projective [506, 11,176] binary code
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. [506, 495, 3] is the dual code of Csog1 . Furthermore Cspg 1 is irreducible and

Aut( Cso,1) = Mos.

it . Csog2 is self orthogonal singly even and projective [506, 12,176] code . [506,
494, 4] is the dual code of Csos2 . Furthermore Csopo is decomposable and Aut(

Cso6,2) = Mas.

iii . Chop3 is self orthogonal doubly even projective [506, 22,176] code . [506, 484,

4] is the dual code of Csos3 . Furthermore Aut( Csop3) = Moas.

iv . Csopa 1s self orthogonal, doubly even and projective [506, 23,170] code. [500,

483, 4] is the dual codeof Csos4 . Furthermore Aut( Csopa) = Mas.

proof

i .The submodule 11 represents the dimension of binary code Csps1 . From this
submodule we determine the binary linear code [503, 11,176],. The weight
polynomial of this code is W (z) = 1+ 2327 4 253210 4+ 1771225, We deduce
that weight of all codewords is divisible by 4. Csgg 1 is doubly even. The weight
of Cjye1 code is 3. Hence Cspq1 is projective. From the lattice structure the
submodule 11 is a direct sum of trivial submodules 10 and 1 respectively which
implies that Cs6 1 is irreducible. For the structure of the automorphism group,
let G = Aut(Cs06,1)- G has only one Composition factor Mss and the order of
G is 10200960. This implies that G = Ma3. Since My C G, we conclude that
G = Moy
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.The submodule 12 represents the dimension of binary code Csps2 . From this
submodule we determine the binary linear code [503, 12,176],. The weight
polynomial of this code is W (z) = 1423217 + 2532240 4 1771220 + 17712%°¢ +
2532266 + 232330 4 5%, We deduce that weight of all codewords is divisible
by 2. Cspsz2 is singly even. The weight of 0%672 code is 4. Hence Cspp2 is
projective. From the lattice structure the submodule 12 is a direct sum of 11
and 1 respectively which implies that Csgs 2 is decomposable. For the structure
of the automorphism group, let G = Aut(Csps2). G has only one Composition
factor Mays and the order of G is 10200960. This implies that G = Mas. Since

Mss C G, we conclude that G =2 Mo,

.The submodule 22 represents the dimension of binary code Csps3 . From this
submodule we determine the binary linear code [503, 22,176],. The weight
polynomial of this code is W(z) = 1 + 13112'7 + 88552208 + 177102216 +
1545622%° 4 607202232 + 1983522236 + 554829220 4 141680224 + 212520248 +
127512022 + 72965222°¢ + 890562:2%° 4- 2125202261 + 34408022%® 4- 283360227 +
283362270 +146742280 44048236 417712320 4253233 . We deduce that weights of
all codewords are divisible by 2. Csgg3 is doubly even. The minimum of Cgyq 5
code is 4. Hence Csp6 3 is projective. For the structure of the automorphism
group, let G = Aut(Cso6.2)- G has only one Composition factor Mg and the
order of G is 10200960. This implies that G = Mas. Since Ms; C G, we

conclude that G =2 Mg
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iv .The submodule 23 represents the dimension of binary code Csps4 . From
this submodule we determine the binary linear code [503, 23,170],. The weight
enumerator of this code is W (z) = 1425320 +13112' "0+ 1771280+ 4048290+
88552298 +177102210 4154562220 +146 7422204283863 +607202232 4283360223 +
1983522236 + 344080238 + 5548292240 + 212520242 + 14168022** + 890562246 +
2125202248 4729652220 412751202252 +127512022%* + 729652226 42125202258 +
890562 + 1416802292 4- 2125202204 4- 55482922%¢ + 34408027%° + 19835227 +
283360x2™ + 607202%™ + 28336277 + 1467422 + 154562250 + 17710220 +
88552298 4 40482316 + 1771232 + 1311233 + 2532336 4 256 From weight poly-
nomial we deduce that all weights of codewords are divisible by 2. Csp4 is
singly even. The minimum weight of C5L0674 code is 4. Hence Csgg 4 is projective.
For the structure of the automorphism group, let G = Aut(Csps,4). G has only
one Composition factor M,z and the order of G is 10200960. This implies that

G = Mys. Since Msys C G, we conclude that G =2 Mo, O

Designs of Codewords of Minimum Weight in Cjys; Code

Suppose that D,, is a design of codewords of minimum weight m in Csgs;, we
determine the primitivity of Aut(C) . Table 5.10 shows Deigns of codewords of
minimum weight in Cjo6,; where t column one represents the minimum weight of
a codeword in Csps,; and column two gives the parameters of the t-designs D, .

Column three represents the Aut (D,,), four tests whether or not a design D,, is
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primitive under the action of Aut( D,,).

Table 5.10: Deigns of codewords of minimum weight in Cjg;

m D, Aut( D,,) primitive
176 1-(506, 176, 8) Mo ves
3 1-(506, 3, 105) Mas ves
70 1-(506, 170, 85)  Moas yes
4 1-(506, 4, 210) Mos yes

Remark 5.4.2. From the results in table 5.10 we observe that Aut(D,,) is primitive

on D,,

Symmetric 1- designs

It follows from theorem 3.4.1 that if we form orbits of the point stabilizer from a
primitive permutation group G acting on a set {2, and take their images under the
action of the full group, we obtain the blocks of of a symmetric 1 - design with the
group G acting as an automorphism group. In this section we consider G to be
the simple Mathieu group Ms3 and examine symmetric 1-design invariant under G
constructed from orbits of the rank - 2 permutation representation of degree 506.
Table 5.11 shows Symmetric 1-Design where column onne represents the 1-design
Dy, of orbit length k, column two gives the orbit length, column three shows the
parameters of the symmetric 1-design Dy, and column four gives the automorphism

group of the design.
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Table 5.11: Symmetric 1-Design

Design orbit length parameters Automorphism Group
D5 15 1-(506,15,15) Mos
Ds1g 210 1-(506,210,210) Mos
Dasgo 280 1-(506,280,280) Mos
Dig 16 1-(506,16,16) Mos
Do11 211 1-(506,211,211) Mos
Dog1 281 1-(506,281,281) Mog
Daos 225 1-(506,225,225) Mos
Dags 295 1-(506,295,295) Mos
Dugo 490 1-(506,490,490) Mos
Dagg 226 1-(506,226,226) Mos
Dogg 296 1-(506,296,296) Mos
Dyo1 491 1-(506,491,491) Mos
Dso5 505 1-(506,505,505) Aspp 1 2

Proposition 5.4.3. Let G be the mathieu simple group Mz, and 2 the primitive
G-set of size 506 defined by the action on the cosets of Mays. Let = {A9: g € G}

and Dy, = (2, 8). Then the following hold:

i Dy is a primitive symmetric 1 — (506, | A |,| A'|) design.

1) Aut(Dk) = M23

17 AUt(Dk) = A506 12

Proof

i From theorem 3.4.1, and from this it is clear that G acts as an automorphism
group, primitive on points and on blocks of the design and so G C Aut(Dy,).
ii The only composition factor of Aut(Dy) is Mas. This implies that Aut(Dy) =
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Mys

iii The composition factors of Aut(Dy) are Zs and Asgs. This implies that Aut(Dy,) =

A506 2 L]

Theorem 5.4.4. Let G be a simple group Mss , C' the 1st non trivial binary code
from a representation of degree 506 and D,, a t-design held by the support of code-

word of minimum weight. Then the following hold:

(a) C is projective, self orthogonal doubly even code .

(b) Aut(C) = Moy

(c) Aut(D,,) is primitive on all designs of codewords of minimum weight related

to Mgg.

5.5 Conclusion

We constructed and enumerated all G-invariant codes from primitive permutation
representations of degree 23, 253, and 253 from the simple group Ms3. We classified
the G-invariant codes using the lattice diagram. From the lattice diagram we did not
find any self dual code. There were five irreducible codes and several decomposable
codes. We also constructed codes of small dimensions due to computer limitations
and found several self orthogonal and projective codes. There was no strongly
regular graph from the three representations. We determined designs from some

binary codes using codewords of minimum weight. We found that all the designs
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were primitive. We constructed symmetric 1-designs from the primitive permutation
representations of degree 23, 253 and 253. We found that in most cases the full

automorphism group of the design was Mog
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Appendices

A) A representation of degree 276

G < z,y >:= PermutationGroupj24— [4,7,17,1,13,9, 2, 15,6, 19, 18,21, 5, 16, 8, 14, 3, 11, 10,
24,12,23,22,20] ,[4,21,9,6,18,1,7,8,15,5,11,12,17, 2,3, 13, 16, 10, 24, 20, 14, 22, 19, 23]

print ”Group G is M24 | Sym(24)”;

M:=MaximalSubgroups(G);
H:=M]6]‘subgroup;
al,a2,a3:=CosetAction(G,H);
gl:=PermutationModule(a2,GF(2) ); gl;
GModule gl of dimension 276 over GF(2)
m:= Submodules(gl);m;

GModule of dimension 0 over GF(2),
GModule of dimension 1 over GF(2),
GModule of dimension 11 over GF(2),
GModule of dimension 12 over GF(2),
GModule of dimension 22 over GF(2),
GModule of dimension 23 over GF(2),
GModule of dimension 23 over GF(2),
GModule of dimension 23 over GF(2),
GModule of dimension 24 over GF(2),
GModule of dimension 55 over GF(2),
GModule of dimension 56 over GF(2),
GModule of dimension 66 over GF(2),
GModule of dimension 66 over GF(2),
GModule of dimension 66 over GF(2),
GModule of dimension 67 over GF(2),
GModule of dimension 67 over GF(2),
GModule of dimension 67 over GF(2),
GModule of dimension 67 over GF(2),
GModule of dimension 67 over GF(2),
GModule of dimension 68 over GF(2),
GModule of dimension 77 over GF(2),
GModule of dimension 78 over GF(2),
GModule of dimension 78 over GF(2),
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GModule of dimension 78 over GF(2),
GModule of dimension 78 over GF(2),
GModule of dimension 79 over GF(2),
GModule of dimension 89 over GF(2),
GModule of dimension 90 over GF(2),
GModule of dimension 186 over GF(2),
GModule of dimension 187 over GF(2),
GModule of dimension 197 over GF(2),
GModule of dimension 198 over GF(2),
GModule of dimension 198 over GF(2),
GModule of dimension 198 over GF(2),
GModule of dimension 198 over GF(2),
GModule of dimension 199 over GF(2),
GModule of dimension 208 over GF(2),
GModule of dimension 209 over GF(2),
GModule of dimension 209 over GF(2),
GModule of dimension 209 over GF(2),
GModule of dimension 209 over GF(2),
GModule of dimension 209 over GF(2),
GModule of dimension 210 over GF(2),
GModule of dimension 210 over GF(2),
GModule of dimension 210 over GF(2),
GModule of dimension 220 over GF(2),
GModule of dimension 221 over GF(2),
GModule of dimension 252 over GF(2),
GModule of dimension 253 over GF(2),
GModule of dimension 253 over GF(2),
GModule of dimension 253 over GF(2),
GModule of dimension 254 over GF(2),
GModule of dimension 264 over GF(2),
GModule of dimension 265 over GF(2),
GModule of dimension 275 over GF(2),
GModule gl of dimension 276 over GF(2)

#m;

56

[#ml[i] : ain[l..#m]];

1, 2, 2048, 4096, 4194304, 8388608, 8388608,
8388608, 16777216, 36028797018963968,
72057594037927936,

73786976294838206464, 73786976294838206464,
73786976294838206464, 147573952589676412928,
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147573952589676412928,
147573952589676412928, 147573952589676412928,
147573952589676412928, 295147905179352825856,
151115727451828646838272,
302231454903657293676544,
302231454903657293676544,
302231454903657293676544,
302231454903657293676544, 604462909807314587353088, 618970019642690137449562112,
1237940039285380274899124224,
98079714615416886934934209737619787751599303819750539264,
196159429230833773869868419475239575503198607639501078528,
200867255532373784442745261542645325315275374222849104412672,
401734511064747568885490523085290650630550748445698208825344,
401734511064747568885490523085290650630550748445698208825344,
401734511064747568885490523085290650630550748445698208825344,
401734511064747568885490523085290650630550748445698208825344,
803469022129495137770981046170581301261101496891396417650688,
411376139330301510538742295639337626245683966408394965837152256,
822752278660603021077484591278675252491367932816789931674304512,
822752278660603021077484591278675252491367932816789931674304512,
822752278660603021077484591278675252491367932816789931674304512,
822752278660603021077484591278675252491367932816789931674304512,
822752278660603021077484591278675252491367932816789931674304512,
1645504557321206042154969182557350504982735865633579863348609024,
1645504557321206042154969182557350504982735865633579863348609024,
1645504557321206042154969182557350504982735865633579863348609024,
1684996666696914987166688442938726917102321526408785780068975640576,
3369993333393829974333376885877453834204643052817571560137951281152,
7237005577332262213973186563042994240829374041602535252466099000494570602496,
14474011154664524427946373126085988481658748083205070504932198000989141204992,
14474011154664524427946373126085988481658748083205070504932198000989141204992,
14474011154664524427946373126085988481658748083205070504932198000989141204992,
28948022309329048855892746252171976963317496166410141009864396001978282409984,
29642774844752946028434172162224104410437116074403984394101141506025761187823616,
59285549689505892056868344324448208820874232148807968788202283012051522375647232,
6070840288205403346623318458823496583257521372037936003911913780434075891266276556
1214168057641080669324663691764699316651504274407587200782382756086815178253255311
cl:=LinearCode(Morphism(m[3],g1));
c2:=LinearCode(Morphism(m[4],g1));
5l.81));
l.e1))

( (m]
c3:=LinearCode(Morphism(m]|
c4:=LinearCode(Morphism(m[6],g1

’
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A:=cl;

[Length(A), Dimension(A), MinimumDistance(A)];
276,11, 128]

WeightDistribution(A);

[< 0,1 >, < 128,759 >, < 144, 1288 >]
B:=AutomorphismGroup(A);
CompositionFactors(B);

G — M24

1 wt:=WeightDistribution(A);
wt:=128;

wt;

128

wds := Words(A, wt);

#wds;

759

D := Designj 1, Length(A) — wds ¢;
D.

?

1-(276, 128, 352) Design with 759 blocks
E:=AutomorphismGroup(D);

CompositionFactors(E);

G — Moy

1

st:=Stabilizer(a2,1);st;

Permutation group st acting on a set of cardinality 276
Order = 887040 = 28 % 32 % 5% 7 x 11
orbs:=0Orbits(st);#orbs;

3

[#orbsli] : @in[l..#orbs]]; [1,44,231] k:=[orbs[1],orbs[2], orbs[3],orbs[1] join orbs[2],
orbs|[1] join orbs[3], orbs[2] join orbs[3]];

[#k[i] : din[l..#k]];

[1,44, 231, 45,232, 275)

blox := Setseq(k[5]*2);

D:=Designj1,v—Dblox;;

D:=Designj1,v—blox;, ;

b,

1 — (276, 128, 352) Designwith759blocks
E := AutomorphismGroup(D);
CompositionFactors(E);

G|M24

1
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Abstract

Let G be a primitive group . We enumerate and classify all G-invariant codes
preserved by primitive group of degree 276 related to Msy using modular repre-
sentation method. We determine binary codes of small dimensions and study
their properties . We construct some t- designs using codewords of minimum
weight and determine their primitivity . We establish the links between prim-
itive groups, codes, designs and graphs. We construct self-dual symmetric 1-
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Abstract

Let G be a primitive group M24. We construct and enumerate all binary lin-
ear codes preserved by primitive group of degree 276. We study the properties
of these codes where computations are possible. We look for the existence of
two weight codes and strongly reqular graphs. We determine designs defined by
the support of codewords of minimum weight and establish links with primitive
groups, codes and graphs. We construct and enumerate all symmetric 1-designs
preserved by this primitive group.

Keywords: Strongly Regular Graph, Two Weight Code, Symmetric 1-Design,
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