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Question One:(30 marks)

(a) Define the following terms:

(i) Interior point of a set [2 marks]
(i1) Point of contact of a set [2 marks]
(121) Complete metric space [2 marks]

(b) Let (X1,p1), (X2, p2) be metric space and if X = X; x Xj, define p on
X x X by p((X1, X2)(Y1,Y2)) = p1(X1, Y1) + p2(X3,Y2). Show that
X, p is a metric space. [7 marks]

(c) Show that a set E is open if and only if E = E°, where E° is an interior
point of E. [6 marks]

(d) Show that the limit of a convergent sequence is unique in a metric space
[7 marks|

(e) Proof that the closure of the set X is equal to the union of the set X and
the derived set of X [4 marks]

Question Two:( 20 marks)

(a) Show that every open neighbourhood is an open set. [7 marks]
(b) Show that derived set is closed in a metric space. [7 marks|

(c) Proof that a set E is closed in a metric space if and only if its comple-
ment is open in a metric space. [6 marks]

Question Three:(20 marks)

(a) Show that the interior of a set E is open [6 marks]
(b) State and proof Cauchy - Schwarz inequality [9 marks]

(c) Let X, p be a metric space and (z,) be a sequence of points which is
cauchy. Then (z,,) is bounded i.c the range (,,) is a bounded subset[5



marks]

Question Four:(20 marks)

(a) Show that if (X, p) is a metric space, then:
(i) 0.X are open in (X, p)
(i) If (Eq : @ € Q) is a family of open subsets of (X, p) then, Uyeq Ea
is open in (X, p)
(iii) If { £, B3, .-, E,} is a family of open subsets of (X, p), then: sy
is open in (X, p [12 marks|

(b) Show that a subset A of a real number is closed if and only if whenever
a, € A for alln € N, and a, — ¢, we have c € A. [8 marks]

Question Five: (20 marks)

(a) Define the following terms with respect to a metric space:
(i) Open set [2 marks]
(it) Limit point [2 marks]

(b) Show that a subset A of X is closed if and only if it contains all its limit
points. [4 marks]

(c¢) Let (X,p1) and (Y, p2) be metric spaces, then a function f : X — Y
is continuous at the point z € X if and only if for any open neigh-
bourhood V of f(x) in Y, there is a neighbourhood U of x such that
flu)cv [12 marks]




