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Question 1 (30 marks)

a) Define the following terms

1) Characteristic of a field (3 marks)
i1) Integral domain (2 marks)
iii) Division ring (2 marks)
iv) Degree of a polynomial (2 marks)
v) Zero divisor (3 marks)

b) If R is an integral domain and p(x) and ¢(x) are nonzero elements of R(x), then
deg(p(x) + g(x)) = deg p(x) + deg ¢(x). Prove (6 marks)

¢) R(x) is an integral domain iff R is an integral domain. Prove (6 marks)
d) Given that f(x)=3x%+2

g(x)=4x" +2x> +6x*> +4x+5 in Z,[x]. Find ¢(x) and r(x) such
that g(x) = f(x).g(x) + r(x). (6marks)

Question 2 (20 marks)

a) Let F be an arbitrary field and f(x) be a polynomial over F . Define a zero of f(x).
(3 marks)

b) If f(x) isapolynomial over F and c € £ . The remainder in the division of j(x) by x=c

is f(c) . Prove (5 marks)

¢) A polynomial f(x) over F hasa factor x — ¢ in F(x) iff ce F' is a zero of f(x). Prove
) (3 marks)

d) Let F be afield then f(x) isaunitin F(x) iff f(x) is a nonzero constant polynomial.
Prove. (9 marks)

Question three (20 marks)




a) Determine whether the following are irreducible over Z;
i) f()=x>+2x>-3x+4 (5 marks)
ii) g(x)=x +3x+4 (5 marks)

b) Express x* —4 as a product of irreducible factors in

i) O[x] (3 marks)
ii) R[x] (3 marks)
iii) ¢[ x] (4 marks)
Question four (20 marks)

a) Define the following:

i) Characteristic of a field F (3 marks)
ii) Field extensions (3 marks)
ii1) The degree of a field extension (3 marks)

iv) Let @ be algebraic over a field F . Define the minimal polynomial for a over F'. (3 marks)

b) The characteristic of a field ', Ch( F) is either zero or a prime p . Prove (8 marks)
Question five (20 marks)

a) The algebraic element « is algebraic over F iff the simple extension F (a%? is finite.

Prove. (12 marks)

b) F(a, f)=(F(a))(f). Prove (8 marks)




