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The w’-topology on the space L(X, Y) of bounded linear operators from the Banach
space X into the Banach space Y is discussed in [10]. Let £ (X, Y) denote the space of all
T € L(X,Y) for which there exists a sequence of compact linear operators (7;,) C K(X,Y)

such that T = w’ — lim, T,, and let |||T||| := inf{sup, |T,|l : T, € K(X,Y), T, = T}.
We show that (£, ||| - |||) is a Banach ideal of operators and that the continuous dual space
K(X,Y)* is complemented in (LY(X, V), ||| - [1D*. This results in necessary and sufficient

conditions for K(X,Y) to be reflexive, whereby the spaces X and Y need not satisfy the
approximation property. Similar results follow when X and Y are locally convex spaces.

1. Introduction and Notation.

The question of the complementation of the dual space K (X, Y)* of the
space of compact operators K (X, Y) in the dual space L(X,Y)* of L(X,Y)
(the space of bounded linear operators from X into Y) when X and Y
are Banach spaces, was more or less settled by a result of J. Johnson (in
1979). Johnson proved in [9] that if Y is a Banach space having the bounded
approximation property then the annihilator K (X, Y)* in the (continuous) dual
space L(X, Y)* is the kernel of a projection on L(X, Y)*. The range space
of the projection is isomorphic to the dual space K (X, Y)*. Although many
examples of Banach spaces which fail the approximation property became
known after Enflo’s example in 1973, the fact that the classical spaces have
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the approximation property made Johnson’s result a “final” one. However,
after Pisier’s paper in 1983 (cf. [14]) which introduced counterexamples to
a conjecture of Grothendieck in connection with the projective and injective
norms on tensor products of Banach spaces, a new interest in the study of
operators on Banach spaces without the approximtion property was evoked.
K. John’s observation in [7] that Johnson’s result is also true in case of any
separable Pisier space X = P and its dual Y = P* - they are both spaces which
do not have the approximation property - motivated his more general results
in [8] where it is for instance proved that Johnson’s result holds for couples
of Banach spaces X, Y such that each T : X — Y factors through a Banach
space Z, its dual Z* being a separable Banach space which has the bounded
approximation property. Moreover, a substantially generalised version of the
result is proved there.

Following Kalton [10] we denote by w’ the dual weak operator topology
on L(X, Y) which is defined by the linear functionals

T — 6**(T*f*), f* e Y*, e e X*.

Although the weak topology of L(X, Y) is in general stronger than w’, it
is shown by Kalton in [10] that w’-compact subsets of K (X, Y) are weakly
compact. In particular, it is important to notice that

THEOREM (K). If (T,) C K(X,Y) is a w'-convergent sequence which
convergestoa T € K(X,Y), then T, — T in the weak topology of L(X,Y).

Using Theorem (K) and some fundamental properties of complete normed
spaces, K. John proved (in [8]) that if for each T € L(X,Y) there exists
a sequence (7,) C K(X,Y) such that 7, — T in the dual weak operator
topology, then the annihilator K (X, Y)* in L(X, Y)* is the kernel of a pro-
jection on L(X,Y)*. The conditions of this theorem are for instance satis-
fied if each T € L(X,Y) factors through a Banach space (depending on T')
which has a separable dual with the approximation property. For example, each
T € L(P,P") factors through a Hilbert space. In Section 1 we follow an op-
erator ideal approach to John’s results; in this way we believe the results are
stated in a setting which allows us to prove extended versions of the same and
other results. For instance, extended versions of results by Kalton and J. John-
son about reflexivity of the space K (X, Y) of compact operators are proved by
means of our approach.

In the paper [4], the author considers generalisations of John’s results in
the setting of locally convex spaces. In order to do so, the author in [4] has to
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consider a generalisation of Kalton’s result Theorem (K) in connection with
the weak convergence of w’-convergent sequences of compact operators to the
setting of operators on locally convex spaces (cf. [4], Proposition 1). Then
the proof of the final result about the existence of projections on dual spaces
(cf. [4], Proposition 2) depends on complicated arguments which involve
the application of the Riesz representation theorem (for C(K)-spaces) and
the Lebesgue Dominated Convergence Theorem. In Section 2 we follow an
alternative approach which results in both extension of those results (in [4])
and simplification of their proofs.

1. A summary of some existing results.
Recall the following definitions:

DEFINITION 1.1. The weak-operator topology w on L(X,Y) is defined
by the linear functionals T — f*(Te) for f* € X* and e € X.

The dual weak-operator topology w’ on L(X,Y) is defined by the linear
functionals T + e**(T* f*) for e € X** and f* € Y*. Clearly w' > w.

THEOREM 1.2. ([10], p.268) Let A be a subset of K(X,Y). Then A is
weakly compact if and only if A is w’-compact.

THEOREM 1.3. ([10], p.269) Let (T,) be a sequence of compact operators
such that T, — T in w' where T is compact. Then T, — T weakly and
there is a sequence (S,) of convex combinations of {T, : n = 1,2,...} with
I\ T —S,|| — 0.

Remark ([10], p.269) A Banach space X is called a Grothendieck space
if every weak*-convergent sequence in X* converges weakly in X*. X is a
Grothendieck space if and only if for any Banach space Y, if 7,, — T in the
weak-operator topology w on K(X, Y), then T, — T weakly.

We refer to [11], p.29-39, to recall the well known definitions of the
approximation property, the A-bounded approximation property and the metric
approximation property.

In his paper [9] J. Johnson proved the following results on projections and
imbeddings on dual spaces of L(X,7Y).

THEOREM 1.4. ([9], p.305) Let X and Y be Banach spaces and suppose
Y has the A-bounded approximation property. Then there is a projection P
on L(X,Y)* such that |P|| < A, the range of P is isomorphic to K(X,Y)*
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(isometric if . = 1) and the kernel of P is the annihilator of K(X,Y).

THEOREM 1.5. ([9], p.307) If X and Y are Banach spaces and Y has the
A-bounded approximation property, then there is an isomorphism (isometry
if A = 1) of L(X,Y) into K(X,Y)™ whose restriction to K(X,Y) is the
canonical imbedding.

Several papers have appeared dealing with the question “For which spaces
X and Y is K(X,Y) (respectively L(X,Y)) reflexive?” The early papers
used deep results from Grothendieck’s theory of topological tensor products
to attempt answering this question. From the paper of Johnson [9] we have the
following result.

THEOREM 1.6. ([9], p.307) Let X and Y be Banach spaces, one of which
has the approximation property. The following are equivalent:
1) K(X,Y) is reflexive.
2) L(X,Y) is reflexive.
3) X, Y are reflexive and K(X,Y) = L(X,Y).

Refer to [2] for the definitions of the projective tensor norm and the
injective tensor norm on the tensor product of two Banach spaces and recall
from [12] (p.72) when a Banach space is said to have cotype 2.

DEFINITION 1.7. ([8], p.69) By a Pisier space we will mean an infinite
dimensional Banach space P such that
(1) on PP the extremal injective and projective tensor norms are equivalent.
(2) P and P* are both cotype 2 spaces.

Theorem 1.4 cannot be obtained for the space X = P and Y = P using
Johnson’s technique, since both P and P* lack the approximation property.
However, the same result (1.4) was proved by K. John for this case, using the
fact that T : P — P* factors through a Hilbert space. Later, in his paper [8],
John succeeded in proving a much more general result which includes the case
when X =P and Y = P*.

K John considered some extensions of Johnson’s result (i.e. of Theorem
1.4) about projections on the dual space of L(X, Y), namely:

THEOREM 1.8. (cf. John, [7]) Let P be a separable Pisier space. Then the
annihilator K (P, P*)* in the continuous dual space L(P,P*)* is the kernel
of a projection P on L(P,P*)*. Also the range space of the projection P is
isomorphic to the dual space K (P, P*)*.
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THEOREM 1.9. (cf. John, [8]) Johnson’s result (Theorem 1.4) holds for
couples of Banach spaces X, Y such that each bounded linear T : X — Y
factors through a Banach space Z, its dual Z* being a separable Banach space
which has the bounded approximation property.

THEOREM 1.10. (cf. John, [8]) If for each T € L(X,Y) there exists a
sequence (T,,) C K(X,Y) such that T, — T in the dual weak operator topol-
0gy, then the annihilator K(X,Y)* in L(X,Y)* is the kernel of a projection
in L(X,Y)*.

The conditions of Theorem 1.10 are for instance satisfied if each T €
L(X,Y) factors through a Banach space (depending on 7) which has a
separable dual with the approximation property. It should be said that Theorem
1.10 provides information on spaces which are excluded by the conditions
(bounded approximation property) in Johnson’s result, but it does not provide
a strict generalisation of that result. One crucial observation in the proof of
Theorem 1.10 is

THEOREM 1.11. (cf. John, [8]) Suppose the Banach spaces X and Y are
such that for every T € L(X,Y) there is a sequence (T,) C K(X,Y) such
that T, — T in the dual weak operator topology, then there exists a ¢ > 0
such that for each T € L(X,Y) the sequence (T,) can be chosen to satisfy
.1l <cl|T], forall n.

John provides an elegant proof (in [8]) of the fact that with the hypotheses

of Theorem 1.10 the norm |||T ||| := inf {sup, |T,|| : T, € K(X,Y), T, ) T}
on L(X,Y) is equivalent to the uniform norm. This of course implies Theorem
1.11.

2. An alternative approach.

In this section we present an alternative approach to John’s paper [8]. The
main idea in the paper [8] was to present an alternative version to Theorem
1.4 which includes spaces which do not have the approximation property.
This study was apparently initiated by John’s interest in results on compact
operators on Pisier spaces. It seems that examples of (separable) reflexive
Pisier spaces are not known yet (or they may not exist at all). This may be
the reason why John was not interested in considering Theorem 1.6 in the
context of Banach spaces without the approximation property. However, by
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now we know that Enflo’s example (in 1973) paved the way to showing the
existence of many separable reflexive Banach spaces which do not have the
approximation property (cf. [6], p.414).

Our aim in the present section is to consider John’s results (in more general
form) in the environment of operator ideals and then to demonstrate how these
results lead to extended versions of results of Kalton and J Johnson about
reflexivity of K (X, Y). We believe that our presentation does not only provide
extensions of existing results but also provides more insight into the structures
of the proofs.

DEFINITION 2.1. Let T € L(X,Y). T is said to have the w'-compact
approximation property (w’-cap) if there is a sequence (T,) C K(X,Y) such
that T, 1; T. Let L™ (X,Y) be the family of all T € L(X, Y) which have the
w'-compact approximation property.

An easy application of the Uniform Boundedness Theorem shows that

LEMMA 2.2. If T, — T in the w'-topology of L(X,Y) then (T,) is norm
bounded.

Let X, Y be fixed Banach spaces. For T GOC“’/(X, Y) we put
(*) |||T|||=inf{supnTnu:Tnemx,y),niT}.

Clearly,if T € K(X, Y), then |||T||| = ||T].

Although our following results differ from John’s results in [8], we make
extensive use of the ideas and techniques developed in that paper.

The reader is referred to [6] and [13] for information in connection with
operator ideals. In particular we recall the following criteria for a subclass of
the operator ideal (L, || - ||) to be a complete operator ideal on the family of all
Banach spaces.

THEOREM 2.3. (cf. Pietsch [13], 6.2.3, p.91) Let U be a subclass of L

with an R -valued function o such that the following conditions are satisfied:

(i) If X, Y are Banach spaces, thena ® y € U(X,Y) foralla € X*, yeY

and a(a ® y) = llallllyll-

(ii) If $1, 82, ... € W(X,Y) and Y ;2 a(S;) < oo, then S = > 2, S =
-1l —1im, Y7, Si € WX, Y). And o (32, Si) < Doy a(S)).

(iti) RST € U(X,Y) and a(RST) < ||R||a(S)||T| whenever T € L(X, Xy),
SeUXg,Yo)and R € LYy, Y).
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Then (U, o) is a complete normed operator ideal.

This important result is instrumental in proving the following
THEOREM 2.4. Let L denote the assignment which associates with each

pair of Banach spaces X, Y the vector space L (X,Y). And let ||| - ||| be the
assignment that associates with every pair of Banach spaces X,Y and with
every operator S belonging to L™ (X, Y) the real number |||S||| in (x). Then
(L™, ||l - 1) is a Banach operator ideal.

Proof. Notice that || - || < ||| - ||| on £* (X, Y), where || - || is the

uniform operator norm on L(X,Y). In fact for any ¢ > 0, let ||x|| < 1,
y*Il < 1 suchthat [T — e < [y*(Tx)| = lim, |y*(T,x)| < sup, [|T,|| where

(T,) C K(X,Y) such that T, i) T.Clearly |T|| < |lIT]|| + €. To prove that
(L™, |1l - 1]) is a complete normed ideal we make use of Theorem 2.3:

(1)

(iii)

(ii)

|11 ]| = 1 where Ix € L£" (K) is the identity map on the 1-dimensional
Banach space K.

Let T € £(X, Xo), S € £ (Xo, Yo) and R € £(Yy, ¥). Thenif S, > S,
S, € K(X,Y) arbitrary, then RS,T — RST. Hence

IIIRSTI|| < sup RS, T'|| < || RII(sup IS, [DIT]-

Since (S,) was arbitrarily chosen, it is clear that ||[RST|| < || R ISl 1Tl

Now suppose that (7)) C LY (X,Y) with Zzozl 1T,.11] < co. We have to
show that 32 T; = || - || — lim, >/, T; exists and is in £ (X, ¥) with
N2 Tl < 272, NTI: Let T, € K(X,Y) such that T, % T;
sup, I Till < [Tl + €/2. For arbitrary [lx**|| < 1, [y < 1 we
have |x**(T,",y)| < IIT:Il + €/2', Vi and Vn. Hence ) ., X1 v")
converges uniformly in n € N, thus showing that

0] 0]
(%) DTy =lim )y Ty,
i=1 i=1

It follows from the completeness of (L (X, Y), || - ||) and (K(X, Y), || - )
and the inequalities ||T;|| < |||T;||| for all i and ||T,;| < |[|T;||| + €/2'
for all i, that > ° 7, € L(X,Y) and > ;2 T,; € K(X,Y) for all n.
Since (x) holds for arbitrary x** € By« and y* € Bys, it follows that
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(a)
(b)
(c)
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Yo T > >, T,.Hence Y o, T; isin L™ (X, Y) and

o0 o
MY Tl <sup | Y Tl <sup Y 1Tl < e+ > T
i " i=1 "=l i

This shows that [| Y00, Tl < Y2, IT:[l. By Theorem 2.3, (L™, || - Ill)
is a Banach ideal of operators. O

THEOREM 2.5. There exists a continuous bilinear form J : L (X, Y)* x
(X,Y) = K such that

J(@,T)=¢(T) forall (¢, T) € LY (X,Y)* x K(X,Y).

[J(p, )| < |IIITI| forall T € L (X,Y) and ¢ € L (X, Y)*".
J(p, T) = lim, ¢(T,), where (T,) is any sequence of compact operators

T, € K(X,Y) tending to T in w’-topology.

(c)

(a)
(b)

Proof.

First we observe thatif 7 € L£* (X, V), T, i; T, T, € K(X,Y) for all
n, then lim,, ¢ (T},) exists for all ¢ € L' (X, Y)* : Indeed since {T},},en is
norm bounded in K (X, Y), it is also weakly bounded, i.e. {¢(T})},en 1S
bounded. Hence, in case of K = R, there are subsequences (7, ) and (7,,,)
such that lim, sup ¢ (7,,) = limy ¢(7,,) and lim, inf ¢ (7,,) = limy ¢(T,,,).
Thus lim, sup ¢ (7,) — lim, inf ¢(7,,) = limy ¢(T,, — T,,,) = O because
T,, — T,,, — 0 weakly by Theorem 1.3. For the case K is complex, we
write ¢ (T,) = Re (¢(T,)) + ilm (¢(T,)) and proceed as in the real case.
Thus lim, ¢ (T,) exists. Similarly, it follows that if T, i; T and S, i; T
with S,, 7, € K(X,Y) for all n, then lim, ¢(7,,) = lim, ¢(S,) for all
¢ € LY (X,Y)*. Thus J(¢, T) in (c) is well defined.

J is evidently bilinear and if T € K (X, Y) then J(¢, T) = ¢(T).

To prove (b)let ¢ € L™ (X, Y) and T € L™ (X, Y) be given. Remember
that ¢ is continuous on K (X, Y) with respect to the uniform operator
norm. For any € > 0 there is a sequence (7,) C K(X,Y) such that

sup, |7l < (1 + )|l and T, > T Hence,
1/(¢, )| = lim¢(T,)| = [I#ll Sup Tl
= (L +a)llellTIII
Since this holds for all € > 0, it follows that |J (¢, T)| < ||¢llIIIT]]|. O
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In the case when L(X,Y) = L£" (X, Y), then since they are both Banach
spaces, the norms || - || and ||| - ||| are equivalent. Therefore we have

THEOREM 2.6. (cf John [8]) Let X,Y be Banach spaces such that for
every T € L(X,Y) there is a sequence (T,) C K(X,Y) such that T, 5T
Then there exists a continuous bilinear form J : K(X,Y)* x L(X,Y) —- K
and a number ¢ > 0 such that:

(a) If T € K(X,Y)and ¢p € K(X,Y)*, then J(¢,T) = ¢(T).
(b) 1J(p, D)l = cll@lliT|l forall T € L(X,Y) and ¢ € K(X,Y)™.
(c) J(¢p,T) = lim, ¢(T,), where (T,) is any sequence of operators, T, €

K(X,Y) tending w' to T.

COROLLARY 2.7. Let X,Y be Banach spaces. There is a projection
P : LY(X,Y)* — LY (X,Y)* such that ker (P) = K(X,Y)' = {¢ €
LY(X, V) @|kx.y) = 0} and the range of P is isomorphic to K(X,Y)*.

Proof. Let P : LY (X,Y)" — £L“(X,Y)* be defined by Pp(T) =
lim, ¢(T,) = J(¢, T) forall ¢ € L¥(X,Y)* and T € L* (X, Y). Then P is
well-defined by Theorem 2.5. By the same theorem we have

[(PUT)| = 1T ($, ) < lIgIINTIII, VT € L (X, Y),

Therefore, ||P¢| < ||¢||. Hence P is continuous with || P|| < 1. It is easily
seen that P? = P, i.e. that P is a projection. Moreover, it is also easy to verify
that K (X, Y)* C ker (P). If we take ¢ € ker (P), then foreach T € K(X,Y)
we have 0 = Pop(T) = J(@,T) = ¢(T) by Theorem 2.5(a). Hence
d(T)=0,YVT € K(X,Y),ie. ¢ € K(X,Y)*. We conclude that ker (P) =
K(X,Y)". Thus we have Range of P """ £v'(X,Y)*/K(X,Y)*. Itis a
well known fact (cf [1], p.132, Theorem 2.3) that

(KX, D), - 1D "7 £ (X, V) /K (X, Y)*
Therefore we have
Range of P isometric KX, Y)". O

Since the norms ||-|| and |||-||| are equivalent when L(X,Y) = LY(X,Y),
it follows from Corollary 2.7 that

COROLLARY 2.8. Let X,Y be Banach spaces such that for each T €
L(X,Y) there is a sequence (T,,) C K(X,Y) such that T, % T. Then there
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exists a projection

P:L(X,Y)"— L(X,Y)" such that

ker (P) = K(X,Y)" ={¢ € L(X,Y)* : §plxx.r) = 0}
and the range of P is isomorphic to K(X,Y)*.

The bilinear form J in Theorem 2.5 gives rise to two embedding map-
pings, which we introduce (without proof) in the following.
THEOREM 2.9. Consider the following two operators:

(i) {K KX, V)" > LY (X,Y), defined by (Jxp)(T) = J(q;, T) where
¢ €LY (X,Y)* is any continuous linear extension of ¢.

(ii) Jp : LY (X, Y) - K(X,Y)*, defined by (J.T)(¢) = J(qg, T), where

¢ €LY (X,Y)* is any continuous linear extension of ¢.
Then it follows that
(a) Jk is an isometry into LYV(X,Y)*
(b) Jy is a bounded injective linear operator, with ||J (|| < 1.
(c) Jp= J;§|£w’(x,Y)
(d) Jelkx.y) is the canonical injection of K (X, Y) into K (X, Y)*".

Remark Let T € LY (X,Y). For arbitrary € > 0 there exist x € X,
x| < 1 and a € Y* Jla]] < 1 such that ||T| < |(Tx,a)| + € =

lim, |(T,x, a)| + € for any sequence (7,,) C K(X,Y) such that T, 50T,
Let ¢(S) = a(Sx) forall S € K(X,Y). Then

[9(S)] = la(Sx)| < llalllxIISI < IS,

showing that ¢ € K(X,Y)* and ||¢] < 1. Let é be any bounded linear
extension of ¢ to L (X, Y)* such that ||¢| < 1. Then

171 < lim|¢ (L) +€ = [lim$ (L) +€ = [/, D)+ = [Jo(T)@)| +e.
Therefore | T|| < ||J-(T)| forall T € £* (X, Y); thus we have
IT1 < 1D = Tl

forall T € L (X,Y).
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Now, if X and Y are such that £* (X,Y) = L(X,Y), then | - | and
[I| - ||| are equivalent norms. Hence there is a ¢ > 0 such that |T| <
|J:(T)|| < c||T|- This shows that in this case the linear operator J, is also
an isomorphism.

COROLLARY 2.10. (cf K. John [8], p. 237) Let X, Y be Banach spaces
such that for each T € L(X,Y) there is a sequence (T,) C K(X,Y) such that

T, “ T. Then the bilinear form J in Theorem 2.4 gives rise to the following
two isomorphic embeddings:
i) Jx: KX, Y)" = L(X, V)" : (Jk¢)(T) = J($, T)

i) Jp  L(X,Y) > K(X,Y)* : (J.T)(¢p) = J(¢,T) where ¢ € L(X,Y)*
is any continuous linear extension of ¢ € K(X,Y)*.

LEMMA 2.11. Let X,Y be Banach spaces, with Y reflexive. Then
LY (X,Y) and LY (Y*, X*) are isometrically identifiable. In particular, T €
LY (X,Y) ifand only if T* € L™ (Y*, X*) and |[|T||| = |||T*|l|.

Proof. Suppose T € £ (X, Y) and (T,) C K (X, Y) such that T, > T.
Then, for y* € Y** = Y* and x* € X** itis clear that

<Tn**x>k>k’ y*> — <x>k>k’ Tn*y*> % <x>k>k’ T*y*> — <T**x**, y*>.
Thus T 1; T* and by Schauder’s Theorem (7,') C K(Y*, X*). Hence

T* € LY (Y*, X*) and |||T*||| < sup, |T,)|| = sup, || T,||. Since the sequence
(T,) was arbitrarily chosen, it is clear that

(A) T =< T

Now let S € L™ (Y*, X*) and suppose S, i) S where (S,) C K(Y*, X*).
Then each T, = S}|x is compact (from X into Y) and 7, = §,,. Similarly if
T = §*|x, then T* = §, and

forall x* € X* and y* € Y™.
Thus 7, * T.Hence T € L£” (X,Y) and T* = S. Moreover |||T||| <

sup, T, = sup, 7]l = sup, [|S,|l. The sequence (S,) was arbitrarily
chosen. Hence

(B) T < [ISHE = T
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From (A) and (B) we have |||T||| = |||T*|]].
We have thus established that 7—T* defines an isometric isomorphism. [J

We are now ready to consider some results (extending existing ones) on
reflexivity of K(X,Y).

THEOREM 2.12. Let X and Y be Banach spaces. Consider the following
statements:
(1) K(X,Y) is reflexive.
(2) LY(X,Y) s reflexive.
(3) X and Y are reflexive and K(X,Y) = £L” (X, Y).
(4) X and Y are reflexive and K(X,Y) is w-closed in L(X,Y).
We have (1) <= (2) = (3), 4) = (3) and (4) = (1).

Proof. (2) = (1) is clear because K(X,Y) is a closed subspace of
LY(X,Y).

(1) = (2) In this case J, : LY (X,Y) — K(X,Y)* = K(X,Y)
(cf. Theorem 2.9) is surjective. By the Open Mapping Theorem J, defines
an isomorphism. Hence LY (X, Y) is reflexive.

(2) = ) If L (X,Y) is reflexive, then Y is reflexive (because it is
isomorphic to a closed subspace of K(X,Y)). We have to show that X is
reflexive. Since Y is reflexive, the spaces £ (X, Y), and £" (Y*, X*) are
isometrically identifiable (by Lemma 2.11). Thus £ W' (Y*, X*) is reflexive. As
before this implies that X* is reflexive. Hence X is reflexive. Also, J, = J¢
is surjective and an isometry in this case.

(4) = (3) This is clear, since w = w’ in this case.

(4) = (1) Suppose X and Y are reflexive and K (X, Y)w = K(X,Y).
Recall that w = w’ since X is reflexive. Thus by Kalton (cf. Theorem 1.2)
each w-compact subset of K (X, Y) is weakly compact. We prove that Bk x y)
is w-compact, hence also weakly compact: Let (7;) C Bg(x,y) be any net.
There exists a subnet (S5) of (75) and f € Bgx.y)~ such that S — f in
wk*-topology. For each x € X, y* € Y* consider y* ® x : K(X,Y) — K :
S — (Sx, y*), which is a bounded linear functional. We have

fO*R®x) = lign(Sg, YV'®x)= lign(ng, y) VxeX,y" et

LetT : X — Y* =Y be defined by (Tx,y*) = f(H*®x),Vx € X



SPACES OF COMPACT OPERATORS AND THEIR DUAL SPACES 217

Vy* € Y*. Then T : X — Y is a bounded linear operator with

(Tx, y) =1O" @) = 1Ny IHxI.
Clearly, |[T|| < |Ifll < 1and T = w — lims S;. It follows that T €

K (X, Y)w = K(X,Y) with ||T|| < 1. We have thus shown that any net
in Bg(x.y) has a subnet which converges in Bgx.y, with respect to the w-
topology; that is Bg(x .y, is weakly compact. This proves that K(X,Y) is

reflexive. O

COROLLARY 2.13. If LY (X,Y) = mw then the following are
equivalent:
(1) K(X,Y) is reflexive.
(2) mw, is reflexive.
(3) X, Y are reflexive and K(X,Y) = mw.

COROLLARY 2.14. If LY (X,Y) = L(X,Y). Then the following are
equivalent:
(1) K(X,Y) is reflexive.
(2) L(X,Y) is reflexive.
(3) X, Y are reflexive and K(X,Y) = L(X,Y).

Remark: Although (3) = (2) in Theorem 1.6 was proved by Kalton (cf.
Kalton [10]) and independently by Kheinrich without assuming the presence
of the approximation property, it was mentioned in Johnson’s paper [9] that
it is apparently still open whether (2) = (3), in the same theorem, is true
without assuming the presence of the approximation property. Our result now
shows that the implication is still true if we have the assumption L(X,Y) =
L™ (X,Y), where it may be that neither X nor Y has the approximation

property.

LEMMA 2.15. Suppose X and Y are Banach spaces such that X** and
Y* are separable. Then the closed unit ball By x.y, is w'-metrisable.

Proof. Let A := {e;* : n € N} and B := {f; : m € N} be countable

n

dense subsets of X** and Y* respectively. We show that the countable family
of continuous seminorms

T e (T*f1)|, Ym,n € N

generates the w’ toplogy on By xy): Let (T5) be a net in By (xy, such that

lex* (T £l 0 for each pair (e;*, f,»). Consider arbitrary e™ € X** and
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f* e Y*. Fore > 0 given, let e;* € A such that [[e™ — e[| < €/ f*]).
Then let f,, € B suchthat || f* — f, | < ¢€/(3lle,~||). Let § be an index such
that |e;* (75" f,, )| < €/3 forall § > &,. We have

0
(T )] < 6™ (T £7) — €2 (T )]
e (T5 1) = ey (T3 fu )| + leg (T3 f)]
< lle™ — eZZII(Sl;p 175 71D
+ e T3 S = T3 o Il + lens (T3 £

0

<€, V6=

Having a countable neighbourhood basis of the origin, it follows that the
Hausdorff topology w’ on By (x y) is metrisable (cf. [15], Theorem 4, p.16). O

In the setting of separable Banach spaces we have the following version
of Theorem 1.6:

COROLLARY 2.16. Let X and Y be separable Banach spaces. The
following are equivalent:
(1) K(X,Y) is reflexive.
(2) LY (X,Y) is reflexive.
(3) X, Y are reflexive and K(X,Y) = L (X, Y).

Proof. We only have to check that (3) = (1) holds. Refer to the proof of
(4) = (1) in (2.12). Following the same arguments it follows for a given net,
(Ts) C Bkx,y) that a subnet (S,) C Bgx,y) convergestoa T € K(X, Y)w
with ||T|| < 1. Thus T is in the closure of By, in the metrisable space
(BLx.y), w') (refer to Lemma 2.15). Hence there is a sequence (7,) C Bk x.v)

such that 7, > T.Thus T € £ (X,Y) = K(X,Y). Therefore, Bxx.y is
w’-compact and hence weakly compact.

3. Extensions to locally convex spaces

Let E and F denote Hausdorff locally convex spaces. The algebraic dual
space of a linear space E is denoted by E’. Ej will denote the continuous
dual space E* of E when it carries the strong topology B(E*, E). However,
if not otherwise specified, the topology on E* will throughout the section be
assumed to be the strong topology. The bidual is defined by E** = (E%)*. The
space L(E, F) of continuous linear operators is a Hausdorff locally convex
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space when it is endowed with the topology of uniform convergence on the
bounded sets in E, in which case it is denoted by L,(E, F). The topology is
generated by zero neighbourhoods of the form

[A,V]:={T e L(E,F):T(A) CV}

where V and A run through a zero neighbourhood basis U(F) of closed
absolutely convex sets in F and a fundamental system B(E) of absolutely
convex closed bounded sets in E respectively. The gauge function of [A, V] is
denoted by Py v.

DEFINITION 3.1. An operator T € L(E, F) is said to be quasi compact
if T(A) is precompact in F for each bounded set A in E. The vector space
of quasi compact operators in L(E, F) is denoted by K(E, F). We use
the notation K,(E, F) when it carries the subspace topology of uniform
convergence on the bounded sets in E.

The existence of a (continuous with respect to the strong topology) projec-
tion on L,(E, F)* with kernel the annihilator K (E, F)* and its applications
to topological decomposition of the bidual space K,(E, F)* and results on
semi-reflexivity of L,(E, F) are considered in the papers [3] and [5]. The re-
sults in the paper [5] are generalisations of those in [3] and [9]. Especially in
[5] the following generalisations of Johnson’s result are proved.

THEOREM 3.2. (cf. [5], Theorem 2.2) There exists a (continuous with
respect to the strong topology) projection P . L,(E, F)* — L,(E, F)* with
kernel K (E, F)* if either
(a) F has the quasi compact approximation property, that is there exists an

equicontinuous net (Ts) C K,(F, F) such that Tsx — x in F for each

x eF, or
(b) E has the shrinking quasi compact approximation property, that is there
exists an equicontinuous net (Ts) C K,(E, E) such that Tsx — x for each
x € E and T{x* — x* strongly for each x* € E*.

Motivated by John’s paper [8], Fourie (in [4]) studied projections on dual
spaces of spaces of operators in the locally convex space setting. Before we
take a closer look at the results obtained in [4], we consider a locally convex
version of Kalton’s theorem (Theorem 1.3).

Define w’ on L(E, F) as in the Banach space case. Hence, a net (7)
converges w' to T in L(E, F) if
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for all x** € E* and y* € F*.
For the proof of the following generalisation of Kalton’s result to the
locally convex setting, we refer to [4]:

THEOREM 3.3. ([4], Proposition 1)  Suppose that (T,) is a bounded

sequence in K,(E, F) which converges in the dual weak operator topology
toT € K(E, F). Then ¢(T,) — ¢(T) forall ¢ € L,(E, F)*.

This generalisation of Kalton’s result will allow us to follow our alter-
native approach in order to extend our results in the previous section to the
locally convex space setting. Once we have the above “generalised version”
of Kalton’s result, it is a matter of mimicking John’s argument in [8] to show
that if a bounded sequence (7,,) C K(E, F) converges to T € L(E, F) with
respect to the dual weak operator topology, then lim, ¢ (7,,) exists for each
¢ € L,(E, F)*. The idea is to take subsequences (¢(7,,)) and (¢ (7,,)) such
that

@ = limsup¢(7,,) = lim¢(T,,)
Po = limint ,¢(T,) = lim ¢(T,y,)

and then to notice that since the sequence (7, —T,,,) is bounded and converges
to 0 in the dual weak operator topology, we have that

(07) ,30 == h}{n¢(Tnk - ka) =0

by (3.3). A similar argument shows that the limit lim,, ¢ (7,,) is independent of
the choice of the bounded sequence (7). Thus if each T € L(E, F) is the
w’-limit of a bounded sequence (7)) in K,(E, F), then the operator

P:L,(E,F)"— L,(E,F)
¢ — P¢: PO(T) =1lime(T,)
into the algebraic dual space L,(E, F)’ is well defined.
It has to be decided whether P maps into the continuous dual space
L,(E, F)*. Using the Riesz representation theorem it is shown in [4] that if

each T € L,(E, F) is the w'-limit of a bounded sequence (7,,) C K,(E, F),
then this is true. Hence we have

THEOREM 3.4. ([4], Proposition 2) Suppose that each T € L,(E, F) is
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the w’-limit of a bounded sequence (T,)) C K,(E, F). Then the linear operator

P:L,(E,F)"— L,(E,F) : P¢(T) = lim¢(T,)

maps into L,(E, F)* and is a closed graph projection with kernel K ,(E, F)*.
In particular, K,(E, F)* and K,(E, F)* are isomorphic to closed (in the
strong topology) subspaces of L,(E, F)*.

COROLLARY 3.5. Let X and Y be normed spaces. If foreach T € L(X,Y)
there exists a bounded sequence (T,) C K(X,Y) such that T, — T in the
dual weak operator topology, then the annihilator K(X,Y)* in L(X,Y)* is
the kernel of a projection on L(X, Y)*. In particular if X is Ro-barrelled, then
the hypothesis that the sequence (T,) should be norm bounded can be ignored

(cf[6], p.252).

Moreover, the different versions of the closed graph theorem for locally
convex spaces and Theorem 3.3 provide more general versions of Theorem
3.4 such that the projection mapping P is indeed continuous. In particular we
have

COROLLARY 3.6. If for instance L(E, F) is a df-space, then L(E, F)*
with the strong topology is a Fréchet space (cf. [6], p 257) so that with the
hypotheses of Theorem 3.4, the mapping P is continuous.

We intend to show that by following our “alternative approach”, as was
outlined in the previous section in the Banach space setting, one can easily
obtain and extend the above result (Theorem 3.4). In the proof of Theorem 3.4
(as is discussed in [4]) one has to make use of the Riesz representation theorem
and the Lebesgue Dominated Convergence Theorem in order to show that the
projection P maps into L,(E, F)*. Following is an alternative approach which
results in both simplification and extention of Theorem 3.4 and its proof.

Denote by LY (E, F) the vector space of all T € L(E, F) such that

T, i; T for some bounded sequence (T,) C K,(E, F). On £L" (E, F) we
define a locally convex topology by means of the seminorms

Tav(T) = inf{sup Pay(T,) : T, € K(E, F), T, *> T},

where A € B(E) and V € U(F). Put

Way ={T € LY(E, F) : msy(T) < 1)
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and let
ga.v (@) =sup{[@p(S)|: S € Wyy}

for every (continuous) linear functional ¢ on LY(E, F). Clearly ¢ is bounded
on W, v if and only if g4 v (¢) < oo.

THEOREM 3.7. Fix the locally convex spaces E and F. Let L =
LY(E,F), K = K(E,F) and L£L* = £ (E, F)*. There exists a bilinear
form J : £* x L£” — K such that
(a) J(p,T)=¢(T) forall (p,T) € L* x K.

(b) ForallT € L™, ¢ € L* and forall A € B(E), V € U(F), we have

| J (@, T)| = qa,v(P)mav(T).

(c) J(¢p,T) = lim, ¢(T,), where (T,) is any bounded sequence of operators
T, € Ky,(E, F) tending to T in w'-topology.

Proof. (c) The proof is similar to the proof of (c¢) in Theorem 2.5, this
time using that each T € £ is the w’-limit of a bounded sequence (7}) in
K,(E, F) and the fact that the same sequence converges weakly to 7 (as is
proved in Theorem 3.3).

(b)Let ¢ € L*and T € L (E, F) be given. Suppose ¢ is bounded on
W4 v. For any € > 0 there is a bounded sequence (7,,) C K,(E, F) such that

sup, Pav(T,) < (14+€)msy(T) and T, ﬂ) T . Hence,
[J(¢, DI = [im¢(T,)[ = ga,v($) Sup Payv(T,)
< (I +€)gav(@)mav(T).
Since this holds for all € > 0 it follows that |J (¢, T)| < ga.v(@)mwav(T). O

We are now ready to discuss an alternative result for Theorem 3.4, which
has easier proof and which is formulated in more general context.

PROPOSITION 3.8. Let E and F be locally convex spaces. The linear
operator

P:LY(E,F)*—> LY(E,F) : P$(T) =1limp(T,),

where T € OC“’/(E, F) is the w'-limit of the bounded sequence (T,) C
K, (E, F), maps into L (E, F)* and is a closed graph projection with kernel
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K,(E, F)*. Inparticular, K,(E, F)* and K,(E, F)* are isomorphic to closed
(in the strong topology) subspaces of L (E, F)*.

Proof. Let ¢ € LY (E,F)*. Suppose ¢ is bounded on W, , with
|¢p(S)| <1 forall S € Wy y. From the proof of Proposition 3.7 (b) it follows
that |J (¢, T)| < may(T) forall T € LY (E, F). This shows (cf. also (3.7)(c))
that P¢ is continous, hence that P maps into OC'”/(E , F)*. Clearly, P> =P.

The argument to show that P has closed graph is similar to that used
in the proof of Theorem 3.4. For the sake of completeness, we discuss the
proof of this fact: Let G(P) denote the graph of P and let (¢,0) € G(P) C
LY(E, F)* x LY (E, F)* with the product topology defined by the strong
topology. Hence there is a net ¢5 C £ (E, F)* such that ¢s — ¢ and
P$s — 0 in the strong topology of L (E, F)*. Take any T € L (E, F).
Let € > 0 be given. We show that |P¢(T) — 6(T)| < €:

Let §y be an index such that |P¢s(T) — 0(T)| < €/2, ¥V & = &.
The set {T,ln € N} is bounded in K,(E, F), therefore it is clear from
[A, VINK,(E, F) C Wy yNKy(E, F)forall A € B(F) and V € U(F) that
it is also bounded in L (E, F); thus ¢s — ¢ uniformly on {7,}. Let §; > &,
such that |¢ (T,) — ¢5(T,)| < €/2, V6 > §; and V n. Hence

(1) =0(T)| < ¢(T,) = s, (To) | +1¢s, (T0) =0(T)| < €/2+1¢ps, (T,) =0 (T)],

and
|[PO(T)—0(T)| = 1irllll|¢(Tn) —0(T)|

< €/2+1im|¢s (T,) — (D) = €/2 + | Py (T) — 0(T)|
<€/2+€/2 =€

It follows that P¢(T) = 6(T), VT € LY (E,F), showing that P¢ = 6.0
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