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Abstract

The realization of gauge-invariant Wigner function (GIWF) has revolutionized studies on 

quantized and classical electromagnetic fields and has been adapted to a magnetostatic 

phenomenon in superconducting systems. We apply the quantum fluid moment hierarchy 

equations in solving the conservative moment equation of the gauge-invariant Wigner operator. 

The results show that the lower critical field , the vortex radius  and the penetration (𝐻𝑐1) (𝑟0)

depth  show dependence on Cooper pair excitation energy .(𝜆) (𝐸𝑘)

Keywords: Wigner operator, Wigner function, flow velocity, vortex radius, penetration depth, 

lower critical field

1. Introduction

It remains undisputed that a Cooper pair plays a central role in high temperature superconductivity 

[1]. Previously, research has divulged the coexistence between zero- and finite-momentum Cooper 

pairs [2]. The existence of finite-momentum Cooper pairs (electronic composite bosons) alludes 

to a possible boson-electron interaction. A system that embodies an electronic boson interacting 

with a fermion in Bose-Einstein condensate (BEC) state was first proposed by Tomalchev [3]. A 

pseudogap occurs simultaneously as pre-formed finite-momentum Cooper pairs, which were 
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neglected in entirety by the conventional BCS theory [4]. Interactions between a Cooper pair 

(boson) and a fermion (electron) has been studied in high temperature superconductors in the 

pseudogap [4] and in superconducting state [5]. Ufrecht et al. [6] argue that under some conditions, 

attraction between a boson and a fermion is possible. The strength of pairing in condensate state 

is determined by unusual electronic excitations – plasmons [7]. During B–F interaction, the boson-

fermion separation shrinks to weaken the pair breaking ability of the Coulomb effect, which 

vanishes at Tc [8]. The phenomenon of high temperature superconductivity is driven by the 

collective behaviour of boson-fermion pairs rather than a single-particle-like behaviour of the 

condensate [9]. It is our view, in this study, that a boson-fermion-pair condensate (being a 

composite fermion condensate) is shielded from the magnetic flux by bosonic nonsuperconducting 

particles – Cooper pairs. It has been shown that the collective excitations of boson-fermion pair 

condensates (BFPC) are in the order of the energy gap [5].

Excitation of charges with energy much below that of the Fermi electron – acoustic plasmons - 

have observed in both electron- and hole-doped cuprates using resonant inelastic X-ray scattering 

(RIXS) [10][11[12]. The observed plasmons are predominantly associated with O sites of the 

copper oxide plane [13]. Plasmons in HT superconductors originate from singularity of long-range 

Coulomb interactions in the limit of long wavelength [14] and contribute significantly to the 

pairing mechanism [15][16]. Surface-plasmon dispersion at the interface of two media are 

isotropic, bulk-plasmon dispersions are anisotropic. Various quantum theories have been adopted 

in the study of high temperature superconductivity [HTS]. For instance, gauge-dependent 

functions have previously been adapted to the phenomenon of superconducting systems in the 

presence of some generic Abelian (like electromagnetic) and non-Abelian (like spin and particle-

hole) gauge-fields to study the transport and magneto-electric fields [17][18]. However, their 
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gauge-dependence pose a challenge in solving equations that involve the functions. In an effort to 

obtain a quantitative valuation of the physical quantities in a superconducting system, we adopt 

the gauge-invariant Wigner operator (GIWO) and the gauge-invariant Wigner function (GIWF) of 

a non-relativistic charged particle in the presence of fully classical fields. 

The Wigner function (WF) and quasiprobability distributions allow quantum-mechanical 

expectation values to be written as phase-space integrals analogous to those of classical mechanics 

(CM) [19]. In such instances, classical intuitions may then be taken over to quantum mechanics 

(QM). The WF may or may not be dependent on the gauge potentials. A gauge-invariant Wigner 

operator (GIWO) and a gauge-invariant Wigner function (GIWF) that allow for both quantized 

and classical electromagnetic fields were introduced by Serimaa et al. [19] and within the postulate 

that physical observables can be measured without referring to the gauge potentials. In fact, GIWF 

is the quantum equivalent of classical particle distribution function and can be used to calculate 

the average values of physical observables [20]. GIWF, as a quantum tool, enhances the quantum 

kinetic theory in studying quantum plasmas, condensed matter systems, and, in general, perturbed 

quantum systems. 

In developing the (GIWF) from a GIWO, quantum-mechanical expectation values of operators are 

computed, just like a classical expected value, as an integral over phase-space under some 

conditions [19]. In that respect, all classical phase-space distributions are not valid Wigner 

functions. For example,  is feasible in CM but would give  in QM.𝑊(𝑟,𝑝) = 𝛿(𝑟)𝛿(𝑝) ∆𝑝∆𝑥 = 0

The GIWF for quantum distribution is defined as [19]
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𝑊(𝐫,𝐯,𝑡) = {( 1
2𝜋ℏ)

3

∫𝑑3𝐬exp [ 𝑖
ℏ𝐬 ∙ (𝑚𝐯 + 𝑞𝑠∫

1 2

‒ 1 2
𝑑𝜏𝐀(𝐫 + 𝝉𝐬,𝑡))]

× ψ ∗ (𝐫 +
1
2𝐬, 𝑡)ψ(𝐫 ‒

1
2𝐬, 𝑡) }            (1)

Where ,  and  are the position, kinetic momentum, time lag and the 𝐫 𝜏 = (𝑡1 ‒ 𝑡2) 𝑡 = (𝑡1 + 𝑡2) 2

average time. The wave function is assumed to be normalized to unity. In addition,  is ℏ = ℎ 2𝜋

the reduced Planck’s constant, A (r, t) is the vector potential while  and  are the mass and charge 𝑚 𝑞

of a Cooper pair in a state described by a wave function . The extra integral in Eq. (1) ψ(𝐫,𝑡)

containing the vector potential compensates for the change in the wave function in a local gauge 

transformation. The use of a non-covariant, one-time pseudo distribution renders the interpretation 

issues of less obscure than in a four-dimensional space-time version [21]. The equation of   𝑊 

motion of a charged particle in a magnetic field in form of time-dependent GIWO is 

{ ∂
∂𝑡 + (𝐯 + ∆𝐯) ∙

∂
∂𝐫 +

𝑞𝑏

𝑚𝑏

∂
∂𝐯 ∙ (𝐄 + (𝐯 + ∆𝐯) × 𝐁)}𝑊(𝐫, 𝒌,𝑡) = 0                    (2)

Naturally there are other ways to obtain GIWFs, for example, through certain path integrals 

involving the vector potential [22]. The main challenge in the use of this approach is in the choice 

of integration path. However, the phase factor in Eq. (1) can be justified in terms of the minimal 

coupling principle [14]. Moreover, as discussed in more detail elsewhere, the function of the phase 

factor is to convert any gauge into the axial gauge [23]. For the purposes of this study, the choice 

of the form (1) due to convenience as it provides a non-ambiguous way to calculate averaged 

quantities. 

We can compute the very basic zeroth order moment in the velocity space as
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          ∫𝑑3𝑟 𝑊(𝐫,𝐵) = ψ ∗ (𝐁)ψ(𝐁) = |ψ(𝐁)|2                       (3)

The paper has been arranged as follows: The presentation starts with theoretical formulations in 

section 2.1 where we deduce the expression for diamagnetic flow of BFPC based on the 

electromagnetic interactions using the Wigner operator and the Wigner function. In the next 

section, 2.2, we use the equation of diamagnetic flow to derive an equation for the vortex radius 

as a function of particle excitation energy.  The well-known formulae that link penetration depth 

to the vortex radius and the lower critical field are also introduced in section 2.3, to solve the 

equation of radius of the vortex. Section 3 outlines the discussion on the derived quantities and 

conclusion is made in section 4.

2. Theoretical Formulations

From the Schrodinger equation, the Cooper-pair energy is defined by 

𝑖ℏ
∂
∂𝑡ψ =‒

ℏ2

2𝑚∇2ψ + 𝑉ψ                                                (4)

For a Cooper pair interacting with a magnetic field in the vortex state (time independent)  𝑖ℏ
∂
∂𝑡

, and  is the magnetic potential energy  per Cooper pair, where  is the number ψ = 0 𝑉 (𝐁 ∙ 𝐁
2𝑁𝜇0) 𝑁

density of static Cooper pairs. Note that the filed  where  is along the 𝐁 = 𝐁𝒙 + 𝐁𝒚 + 𝐁𝒛 𝐁𝒙 = 𝐁𝒓

radius of the vortex,  is along the interface between the static Cooper pairs and the vortex core 𝐁𝒚

and  is along the vortex core (along the applied magnetic field). Considering that   is the 𝐁𝒛 𝑖ℏ∇

momentum, then 

‒
ℏ2

2𝑚𝑏
∇2 =

𝐁𝑟 ∙ 𝐁𝒓

2𝑁𝜇0

Or,

Electronic copy available at: https://ssrn.com/abstract=3954763



6

‒ 𝑖ℏ∇ = ( 𝑚𝑏

𝑁𝜇0)
1
2
𝐁𝒓                                                                     (5)

Its then obvious that the magnetic field operator along the radius is obtained as

𝐁𝒓 = (𝑁𝜇0ℏ2

𝑚𝑏 )
1
2

∇                                                                   (6)

And the velocity with quantum corrections in GIWF becomes,

𝐯 + 𝐯 =‒
𝑖ℏ∇
𝑚𝑏

= ( 1
𝑁𝜇0𝑚𝑏)

1
2
𝐁𝒓                                                (7)

Accordingly, the quantum momentum  takes the place of  in the GIWF while 𝑖ℏ∇ 𝑚𝐯

 vanishes under time independence because the time lag  . The wave ∫1 2
‒ 1 2𝑑𝜏𝐀(𝐫 + 𝝉𝐬,𝑡) 𝜏 = 0

function  is also time independent. In addition,   is a classical field expressed asψ(𝐫 +
1
2𝐬) 𝐁𝑐

𝒌𝟐

2𝑚 =
𝐁𝑐 ∙ 𝐁𝑐

2𝑁𝜇0
⇒𝐁𝑐 = (𝑁𝜇0

𝑚𝑏 )
1
2
𝒌                                                   (8)

And hence,

𝑚𝐯 = 𝒌 =
𝒌

𝑚𝑏
= ( 𝑚𝑏

𝑁𝜇0)
1
2
𝐁𝒄                                                   (9)

Thus, the time independent GIWF for a Cooper pair interacting with a magnetic field becomes

𝑊(𝐫,𝐵) = ( 1
2𝜋ℏ)

3

∫𝑑3𝐬exp [ 𝑖
ℏ𝐬 ∙ ( 𝑚𝑏 

𝑁𝜇0)
1
2
𝐁𝑐] × ψ ∗ (𝐫 +

1
2𝐬)ψ(𝐫 ‒

1
2𝐬)       (10)

Here,  and  are the reduced Planck’s constant and the mass of a Cooper pair in a state ℏ = ℎ 2𝜋 𝑚𝑏

described by a wave function . When the bulk of a superconductor is in a pure superconducting ψ

Electronic copy available at: https://ssrn.com/abstract=3954763



7

state, the time-independent GIWF of a Cooper-pair vanishes since . The complete equation 𝐁 = 0

of motion of a boson (Cooper pair) in a magnetic field in form of time-independent GIWO is 

{( 1
𝑁𝜇0𝑚𝑏)

1
2
𝐁𝑟 ∙

∂
∂𝐫 + 𝑞𝑏(𝑁𝜇0

𝑚𝑏 )
1
2 ∂
∂𝐁𝑐

∙ (( 1
𝑁𝜇0𝑚𝑏)

1
2
𝐁𝑟 × 𝐁𝑧)}𝑊(𝐫, 𝐵) = 0               (11)

Simplifying leads to

{( 𝑚𝑏

𝑁𝜇0𝑞2
𝑏
)

1
2
𝐁𝑟 ∙

∂
∂𝐫 +

∂
∂𝐁𝑐

∙ (𝐁𝑟 × 𝐁𝑧)}𝑊(𝐫, 𝐵) = 0                     (12)

Multiplying through Eq. (12) by ,𝑚
1
2
𝑏

{( 𝑚2
𝑏

𝑁𝜇0𝑞2
𝑏
)

1
2

𝐁𝑟 ∙
∂

∂𝐫 + 𝑚
1
2
𝑏

∂
∂𝐁𝑐

∙ (𝐁𝑟 × 𝐁𝑧)}𝑊(𝐫, 𝐵) = 0                     (13)

Where  is the Wigner operator. If  is the density operator for quantized degrees of 𝑊(𝐫,𝐵) 𝜌(𝐵0)

freedom for the system particle and field, the GIWF can be obtained as a trace of the expectation 

value of GIWO using the relation

𝑊 = Tr[𝑊𝜌]                                                                           (14)

Thus, if we multiply Eq. (13) by  and find its trace then we obtain [19]𝜌

{( 𝑚2
𝑏

𝑁𝜇0𝑞2
𝑏
)

1
2

𝐁𝑟 ∙
∂

∂𝐫 + 𝑚
1
2
𝑏

∂
∂𝐁𝑐

∙ (𝐁𝑟 × 𝐁𝑧)}𝑊(𝐫,𝐵) = 0                          (15)

The quantum nature of  is in its dependence on . For instance, in the limit ,  𝑊(𝐫, 𝐯,𝑡) ℏ ℏ→0 𝐁→0

and  vanishes. Therefore, Eq. (12) is only feasible in the vortex state on condition that 𝑊(𝐫,𝐯,𝑡)

. ℏ > 0
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A fluid moments hierarchy has derived from the electrostatic Wigner function [26]. In moments 

theories [18], a set of macroscopic variables (particle density, current etc.) were defined in terms 

of integrals of the Wigner function. These results were extended to the time-dependent 

electromagnetic phenomenon [20]. In the case of time independence, we defined 

Number density of Particles:                     𝑁 = ∫𝑑3𝐵 𝑊                                   (16)

Magnetic Potential per unit Volume:    𝐁 ⊥ =
1
𝑁∫𝑑3𝐵 𝑊𝐁 ⊥                           (17)

Pressure Tensor:                                           𝐏 = ( 1
2𝜇0)∫𝑑3𝐵 𝑊(𝐁𝑟 ∙ 𝐁𝑟)          (18)

The expectation value of an operator  is a phase-space average of the Wigner 〈𝐺〉 = ∫𝑑3𝐵(𝑔(𝐵))

function of that operator. Thus, the equation of conservation of  is𝑔(𝐵)

∫𝑑3𝐵𝑔(𝐵){( 𝑚2
𝑏

𝑁𝜇0𝑞2
𝑏
)

1
2

𝐁𝑟 ∙
∂

∂𝐫 + 𝑚
1
2
𝑏

∂
∂𝐁𝑐

∙ (𝐁𝑟 × 𝐁𝑧)}𝑊 = 0               (19)

For a dipole moment,  and its expectation value is𝑔(𝐁) = 𝓜 =
1
𝜇0

𝐁

〈𝐺〉 = ∫𝑑3𝐵( 1
𝜇0

𝐁) =
1
𝜇0

∫𝑑3𝐵(𝐁𝒙 + 𝐁𝒚 + 𝐁𝒛)                             (20)

Thus, the equation of conservation of the dipole moment is 

∫𝑑3𝐵( 1
𝜇0

𝐁) ∙ {( 𝑚2
𝑏

𝑁𝜇0𝑞2
𝑏
)

1
2

𝐁𝑟 ∙
∂

∂𝐫 + 𝑚
1
2
𝑏

∂
∂𝐁𝑐

∙ (𝐁𝑟 × 𝐁𝑧)}𝑊(𝐫,𝐵) = 0       (21)
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Each part of Eq. (21) is tackled separately using the commutation property and the moments in 

Eqs. (16) – (18):

First term of Eq. (21):

∫𝑑3𝐵( 1
𝜇0

𝐁) ∙ ( 𝑚2
𝑏

𝑁𝜇0𝑞2
𝑏
)

1
2

𝐁𝑟
∂

∂𝐫 = ( 𝑚𝑏

𝑁𝜇0)
1
2 ∂

∂𝐫∫𝑑3𝐵
1
𝜇0

(𝐁𝑟 ∙ 𝐁𝑟) = ( 𝑚2
𝑏

𝑁𝜇0𝑞2
𝑏
)

1
2

∇ ∙ 𝐏           (22)

Thus, the second term of Eq. (20) is simplified as

∫𝑑3𝐵( 1
𝜇0

𝐁) ∙ (𝑚
1
2
𝑏

∂
∂𝐁𝑐

∙ (𝐁𝑟 × 𝐁𝑧))𝑊(𝐫,𝐵) = 𝑚
1
2
𝑏

∂
∂𝐁𝑐

𝐁𝑦 ∙ (𝐁𝑟 × 𝐁𝑧)           (23)

Substituting the solutions back to Eq. (20) we have 

( 𝑚2
𝑏

𝑁𝜇0𝑞2
𝑏
)

1
2

∇ ∙ 𝐏 + 𝑚
1
2
𝑏

∂
∂𝐁𝑐

𝐁𝑦 ∙ (𝐁𝑟 × 𝐁𝑧) = 0                                    (24)

Eq. (23) can be factorized as

( 𝑚2
𝑏

𝑁𝜇0𝑞2
𝑏
)

1
2

∇ ∙ 𝐏 + 𝑚
1
2
𝑏(𝜇0𝑞

1
2
𝑏)( ∂

∂𝐁𝑐
𝐁𝑦 ∙ (𝐁𝑟 × 𝐁𝑧)) = 0                    (25)

Or,

( 𝑚2
𝑏

𝑁𝜇0𝑞2
𝑏
)

1
2

∇ ∙ 𝐏 + 𝑚
1
2
𝑏( ∂

∂𝐁𝑐
𝐁𝑦 ∙ (𝐁𝑟 × 𝐁𝑧)) = 0                              (26)

Considering pressure along the radius, we have  and hence∇ ∙ 𝐏 =
∂𝑃𝑟

∂𝑟
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( 𝑚2
𝑏

𝑁𝜇0𝑞2
𝑏
)

1
2∂𝑃𝑟

∂𝑟 + 𝑚
1
2
𝑏( ∂

∂𝐁𝑐
𝐁𝑦 ∙ (𝐁𝑟 × 𝐁𝑧)) = 0                                  (27)

We define the first term on the right-hand side of Eq. (30) as the magnetic potential energy that 

opposes the kinetic energy of the finite-momentum Cooper pairs to attain a static state. Thus,

𝐵2

2𝜇0
= ( 𝑚2

𝑏

𝑁𝜇0𝑞2
𝑏
)

1
2∂𝑃𝑟

∂𝑟                                                                         (28)

 In the next few lines, we define  in terms of the magnetic potential energy. Considering a static 
∂𝑃𝑟

∂𝑟

fluid element whose radius from the centre of the vortex is  in which  is the radial thickness of 𝑟 ∆𝑟

the element,  as the area of cross-section of the element and  angle subtended by the element ∆𝐴 ∆𝜃

at the centre . 0

We will assume that for a very small element ABCD, the area element on side AB is equal to 

that on side CD. The various forces acting on the element along the radius are:

i) The force due to the superconducting fluid on side DC of the element along the radius, 

, is𝑟
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𝐹𝐶𝑃 = (𝑃 + ∆𝑃)∆𝐴 = (𝑃 +
∂𝑃
∂𝑟∆𝑟)∆𝐴                                (29)

ii) The force due to the vortex core on the element is given as

𝐹𝑉 = 𝑃∆𝐴                                                                        (30)

iii) The difference between  and  is the force due to magnetic potential energy in 𝐹𝐶𝑃 𝐹𝑉

the volume V and so

(𝑃 +
∂𝑃
∂𝑟∆𝑟)∆𝐴 ‒ 𝑃∆𝐴 =

𝐵2

2𝜇0
∙

V
𝑟                                          (31)

By defining the volume of the element as , we find that𝑉 = ∆r∆A

∂𝑃
∂𝑟 =

𝐵2

2𝜇0
∙

1
𝑟                                                                             (32)

Substituting Eq. (32) into Eq. (28), we have

𝑟 = ( 𝑚2
𝑒

𝑁𝜇0𝑞2
𝑒
)

1
2

                                                                        (34)

If we consider a Cooper pair interacting with a magnetic field whose potential energy varies within 

the range , then [ ‒
𝐵𝑐1𝐻𝑐1

2𝜋𝜖0
, 

𝐵𝑐1𝐻𝑐1

2𝜋𝜖0 ]

𝑁 = ∑
𝑘'

(1) = 2

𝐵𝑐1𝐻𝑐1

2𝜋𝜖0𝑁

∫
0

𝑑𝑢 =
𝜇0𝐻 2

𝑐1

𝜋𝜖0𝑁                                            (35)

The potential energy has been considered for both species of charges – electrons and holes. 

Simplifying Eq. (35) yields

𝑁 = (𝜇0𝐻 2
𝑐1

𝜋𝜖0 )
1
2

                                                                                  (36)
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The magnetic potential energy range of integration   is comparable to that of [ ‒
𝐵𝑐1𝐻𝑐1

2𝜋𝜖0𝑁, 
𝐵𝑐1𝐻𝑐1

2𝜋𝜖0𝑁]
thermal excitation  that was used in determining the excitation energy of [ ‒

103

𝑞𝑏
(𝑘𝐵𝑇𝑐), 

103

𝑞𝑏
(𝑘𝐵𝑇𝑐),]

a boson-fermion pair condensate [5]. Thus,

𝜇0𝐻 2
𝑐1

𝜋𝜖0𝑁 = 2ҟ𝐵𝑇𝑐                                                                    (37)

Where  is the reduced Boltzmann constant [5] and  is the boson charge. ҟ𝐵 =
103

𝑞𝑏
𝑘𝐵 𝑞𝑏 = 2𝑞𝑒

Considering magnetization of a single species of charges (electrons only),  is halved and𝑁

𝐻 2
𝑐1 =

𝜋𝜖0

𝜇0 (𝜇0𝐻 2
𝑐1

𝜋𝜖0 )
1
2
(2ҟ𝐵𝑇𝑐) = (𝜋𝜖0

𝜇0 )
1
2(103

𝑞𝑒
𝑘𝐵𝑇𝑐)𝐻𝑐1                      (38)

Or, 

𝐻𝑐1 = (𝜋𝜖0

𝜇0 )
1
2(103

𝑞𝑒
𝑘𝐵𝑇𝑐) =

103

𝑞𝑏 (𝜋𝜖0

𝜇0 )
1
2
𝐸𝑘                              (39)

Substituting Eq. (39) into Eq. (36) we get

𝑁 = ( 𝜇0

𝜋𝜖0)
1
2(𝜋𝜖0

𝜇0 )
1
2(103

𝑞𝑒
𝑘𝐵𝑇𝑐) =

103

𝑞𝑏
𝐸𝑘                               (40)

The radius  of the vortex from Eq. (34) becomes(𝑟0)

𝑟0 = ( 𝑚2
𝑒

𝜇0𝑞2
𝑒

×
𝑞𝑒

𝑘𝐵𝑇𝑐
× 10 ‒ 3)

1
2

= ( 2𝑚2
𝑒

𝜇0𝑞𝑒𝐸𝑘
× 10 ‒ 3)

1
2

                    (41)
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Where  is the thermal excitation energy. Multiplying through Eq. (27) by , 𝐸𝑘 = 2𝑘𝐵𝑇𝑐 ( 𝑚2
𝑏

𝑁𝜇0𝑞2
𝑏
) ‒

1
2

we have 

𝑁
3
4
∂𝑃𝑟

∂𝑟 + 𝜆( ∂
∂𝐁𝑐

𝐁𝑦 ∙ (𝐁𝑟 × 𝐁𝑧)) = 0                                           (42)

Where,

𝜆 = (4𝜇2
0𝑞4

𝑒

𝑁𝑚2
𝑒

)
1
4

= (8𝜇2
0𝑞5

𝑒

𝑚2
𝑒𝐸𝑘

× 10 ‒ 3)
1
4

                                                 (43)

is the penetration depth. In Eqs. (41) and (43), we estimated that  and  respectively.𝑟0 ∝ 𝑚𝑒 𝜆4 ∝
1
𝑁

3. Results and Discussion

The radius of the vortex core and the penetration depths show dependence on the excitation 

energy of the Cooper pairs. Table 1 compares the vortex radii  in some high temperature (𝑟0)

superconductors determined from Eq. (37) with the existing empirical findings.

Table 1: Penetration Depths and Radii  of magnetic vortices in cuprate and iron pnictide (𝑟0)
superconductors

𝑟0(𝒏𝒎)
Superconductor 𝑻𝒄(𝐊)

Model Values Empirical values
YBa2Cu3O7 92 1.80  [27]2.0

Bi2Sr2CaCu2O8 95 1.77 [28]2.2 ± 0.3 

Ba(Fe1-xCox)2As2 24 3.52 -

CaKFe4As4 34 2.96 -
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In Y123 and Bi2212, the model values compare closely with the empirical values. Generally, the 

model values are in close proximity with the empirical range. The size of the vortex is defined by 

the energy  of static Cooper pairs that is constant at any external field . The static Cooper (𝐵𝑐1𝐻𝑐1) 𝐻

pairs shield the superconducting particles in the halo region from direct contact with magnetic field 

pressure difference between the superconducting particles and the magnetized Cooper pairs. 

Figure 1: (a) Sections of the vortex core (b) Section of the bulk of aa superconductors. The 
region of static Cooper pairs shields the superconducting particles in the halo region from direct 

contact with magnetic fields. However, the magnetic energy is transmitted through density waves 
(DW) to suppress superconductivity by inhibiting superconducting coherence in the halo region. 

The region of static Cooper pairs contains a constant magnetic potential energy  and (𝐵𝑐1𝐻𝑐1)
cannot vanish in the superconducting state of a material under any circumstances.

A layer of static Cooper pairs provides for finite momentum Cooper pairs deep in the halo region 

to interact and pair up with free electrons to form a boson-fermion pair condensate (BFPC) [5] 

free from magnetic influence. The BFPC model has been discussed in details by Mukubwa and 

Makokha [5] in which we described its evolution and association with superconductivity and the 

superconducting energy gap.

The cooperative nature between the components of magnetization  enhances field penetration 𝑩

into the superconducting region of the bulk. Table 2 shows a summary of magnetic penetration 

depths in layered superconductors, which has been determined using equation (52). 
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Table 2: Penetration Depths  and Lower Critical Field   in Cuprate and iron-based (𝜆)  (𝐻𝑐1)

superconductors

Superconductor 𝑻𝒄(𝐊) 𝝀(𝒏𝒎)

Model Values Empirical values

YBa2Cu3O7 92 158 156 ± 8 [27]

Bi2Sr2CaCu2O8 95 157 269 ± 15 [30]

Ba(Fe1-xCox)2As2 24 222 226 ± 10 [27]

CaKFe4As4 34 203 208 [31]

The second term of Eq. (42) combines all the three components of the magnetization . The co-𝑩

operation between the various components of the magnetization  through cross and dot products 𝑩

leads to penetration of the field into the superconducting region. The effect is directed along the 

vortex boundary. The resulting penetration depth is in agreement with empirical findings (see Table 

2). 

4.Conclusion

Dependence of electromagnetic properties on the excitation of quasi-particles has been derived. 

Other than the quasi-particle excitation, the properties show dependence on the mass and charge 

of the Cooper pairs. The radius of vortex is defined by the pressure exerted by the static pairs on 

the vortex. A layer of static Cooper pairs shields the superconducting particles in the halo region 

from direct contact with magnetic fields. However, the fields suppress superconductivity in the 

halo region through charge density waves, which inhibit superconducting coherence. On the other 

hand, the penetration depths rides on the cooperation between the components of the 

magnetization .𝑩
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