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QUESTION ONE (30 MARKS)

a) Define the following terms

i.  Division Ring (2marks)
ii.  Division algorithm (1mark)
iii.  Homomorphism of Rings (2marks)
b) What is the splitting field for f(x) = x* +4overQ (5marks)
¢) Use division algorithm to divide g(x) = Sxt +3%x3 +1 by f(x) =3x% + 2x+ 1
in Z,[x] (6marks)

d) Prove that f(x) is reducible over a field F iff it has at least one zero in F (6marks)

e) Ifp(x) is an irreducible polynomial over a field IF, prove that there exists an extension

field of F that contains a zero of p(x) (8marks)
QUESTION TWO (20 MARKS)
a) Define a Finitely generated field extension (2marks)

b) Consider p(x) = x* + 1 which is irreducible over Z,. Determine all the elements of

the field ZZ[X]/p(x) and construct their multiplication and addition tables. Is

ZZ[X]/p(x) a field? Explain (10marks)
¢) Find the product and the deg(f (x). g(x)) of f(x) = 2x*+x+1and
gx) = 2x3 + 32 + 4 (8marks)

QUESTION THREE (20 MARKS)

a) State the Einstein criterion (3marks)
b) Determine whether f(x) = 2x6 — 3x* + 6x% — 6x + 12 is irreducible or not using
the Einstein criterion (3marks) -
c) Prove that the characteristic of a field [F is either zero or a prime p (6marks)
d) Express x* — 9 as a product of irreducible factors in Q[x] and C[x] (4marks)
¢) If Ris an integral domain and p(x) and g(x) are non-zero elements of R[x], prove
that deg(p(x). q(x)) = deq p(x) + degq(x) (4marks)
QUESTION FOUR (20 MARKS) 1
a) Define a Minimal polynomial (2marks)
b) Find the minimal polynomial of @ = v3 + /7 over the field @ and state the degree
of (4marks)
¢) Prove that given a field F, F(a,B) = (]F(a))(ﬁ) (4marks)
T




110

d)
i.  Define the GeD of polynomials (3marks)
i.  Find the ged of f(2) = z* + 42% + 52% + 4 and g(2) = z* + 5z + 4 in z;(2)

-

(7marks)

QUESTION FIVE (20 MARKS)

a) Let F be a field, show that f(x) is a unit in F[x] iff f(x) is a non-zero constant
polynomial (5marks)
b) Prove that Zs is an integral domain (Smarks)

¢) Determine whether the polynomial f(x) = 2x? + x + 3 is reducible or not in z;
(5marks)
d) Prove that for any commutative ring R with unity, the ring R[x] of polynomials over
R contains a subring R’ that is isomorphic to R (5marks)




