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QUESTION ONE (20 MARKS)

a) Define a metric space

1
b) Show that the sequence space L? with d defined by d(x,y) = (ZJ‘?"=1|xj — yj|p)5 is a

metric space

Given {xy, x5, ..., x, } are a linearly independent set of vectors in a anormed space X (of

(¢]
~—

any dimension) show that there is a number ¢ > 0 such that for every choice of scalars

Xy, e, Ky WE have ||°(1 Xyt Xy, xn” = C(IOCnl 4+ e 4 I Xp D

QUESTION TWO (20 MARKS)

a) Show that the three-dimensional space R3with the distance

d(x,y) = /(1 = y1)%+(xz — ¥2)? + (x3 — ¥3)? is a metric space
b) Show that the following

oo

< 1
i.  Holder’s inequality for sums X772, |x;y;| < (Zj:1|xj|p)p (E2q lyi19e
1 L
ii. Minkowski inequality for sums (X5%,|x; + yj]pﬁ = (Z;‘;1|xj|p)p +
=
ERalyl)

QUESTION THREE (20 MARKS)

a) Show that the space L™ is not separable

b) Show that a subspace M of a complete metric space X is itself complete if and only if
the set M is closed in X

¢) Show that the space (L%, d) with d defined by d(x, y) = supj.y |x; — ¥;| is a metric

space

QUESTION FOUR (20 MARKS)

a) Show that the Euclidean space R" is complete

b) Show that the space LP 1 < p < o is separable

¢) Show that a metric d induced by a norm on a normed space X satisfies
i. dx+ay+a)=d(xy)
ii. d(ax,ay) = |ald(x,y)



QUESTION FIVE (20 MARKS)

a) Show that a compact subset M of a metric space is closed and bounded
b) Define a lincar operator T
d) Define the following terms

i.  Normed space

ii.  Banach space




