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QUESTION 1. [30 MARKS]

.Letu=1(2+414,0,4—5i) and v = (1+1¢,2+1,0).

(i). Determine the norms of the vectors

(ii). Find the distance between u and wv.

6 MARKS]
. Compute the eigenvalues and the cigen vectors of the matrix A = [ Pl {1) } .

[6 MARKS]

. State the Cayley-Hamilton Theorem. Verify the Cayley-Hamilton Theorem for the matrix

A= { % 31 } and hence find a71.

[6 MARKS]
. Compute the matrix of the quadratic form ¢(z); R* — R? given by
q(z) = 221 + (a + 4)23 + (a + 4)x3 + 2ax122 + 6az) T3,
Find the value of the real parameter a for which the quadratic form is positive definite.
6 MARKS]

Which of the sets is orthogonal under the given inner product {f;g) = fuﬂ flx)g(z)dz on
Clo;#]?

(i). {1;sinz}

(ii). {cosz,sinz}

6 MARKS]

QUESTION 2. [20 MARKS]

a. Find the length and the inner product of the vectors ( 2+4i, —4i )and ( 2—4¢, —4i )

[9 MARKS]

-1 1 -1
b. Using the eigenvectors of A = 11 —% —% ], compute the orthogonal matrix P and a

diagonal matrix D such that A = PDPT.

[11 MARKS]



QUESTION 3. [20 MARKS]

a. Compute the Jordan form and the Jordan basis for the matrix,
4 -7 5
Ae|d =3 4],
1 =6
(10 MARKS]

b. Let V be an n-dimensional vector space over C and T : V' — V a linear transformation. Recall
that 7" is nilpotent, if T* = 0, for some positive integer k.

(i). Prove that T is nilpotent, if all its eigenvalues are zero.

(ii). Conversely, prove that if 7" is nilpotent, then all the eigenvalues are zero.

10 MARKS]
QUESTION 4. [20 MARKS].

a . Show that S = {(4,0,0), (i.4,0), (0,0,4)} is a basis in C3.
6 MARKS]

b . Let K be a field and suppose A € M,,(K) and B € M, (K) have eigenvalues A and g in K.
Show tha’,

(i). A® I, + I, ® B has eigenvalue A + u and,
(ii). A® B has eigenvalue Apu.
[6 MARKS]
s w0 2 [0 3 , S ; ;
c . Let A= { 10 ] and B = [ 10 ] . Compute the matrices AQ I, + I, ® B and A® B. Find
thier eigenvalue.
[8 MARKS]
QUESTION 5. [20 MARKS].

a. Prove that for any quadratic form the underlying symmetric form is unique.
6 MARKS]
b. Prove that the guadratic form
g(z) = 522 + 83 + 5a3 — 4wy xy + 8x123 + 403

is congruent to the quadratic form q(zb; + xby + zbs) = 923 + 923 where {by, bs, b3} is the
standard basis in R3.

[7 MARKS]

c. (i). Define Hermitian matrix.

(ii). Deduce if the following Hermitian matrix is positive definite.

(7 MARKS]




