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Abstract

The theory of vector measure has attracted much interest among researchers in the recent past. Available results show that
measurability concepts of the Lebesgue measure have been used to partition subsets of the real line into disjoint sets of

finite measure. In this paper we partition measurable sets in R" for N>3 into disjoint sets of finite dimension.
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INTRODUCTION

In this article, measurable cover estimate technique is applied to partition measurable sets. The utility of properties such as
extension, countable additivity and contraction of the projective tensor product of vector measure duality is demonstrated.
The process of partition requires that we vary all countable coverings of sets in a ring by sets in a O -ring. Sequences of
monotonically increasing (or decreasing) sets and integrability concepts of strictly increasing (or decreasing) functions are
considered. For notations and basic concepts used in this paper, reference may be made to [1, 2, 3, 4, 5, 6]

2 Basic Concepts
2.1 Projective tensor product vector measure duality

Let Xy, , X, and Z be real Banach spaces with cD:Hi”:lxi —> Z being a continuous linear function. If
e Rl —> Xl, ........ v Myt Rn —> Xn are countably additive vector measures, then the product Hin:l,ui is a countably
additive vector measure defined on the ring Hinlei generated by sets of the form E1>< ....... X En . Let

(G(R),.......G(R,)) beasetof o -rings generated by rings R;,....... R
measure TT] 24 :TTIT, R, —> I, X, toavector measure IT]_ 2 :TT\ G(R) —>IT_, X, coincide with respectto a
linear function ®:TT X, —>Z , where Z =®(14 (E,),eree.. () for g (E)eX,, 1<i<n and

1, X, is a Banach space, then (IT7,), < £ (E;),Z’ > is called the projective tensor product of vector measure

. respectively. If the extension of the vector

duality between Z and its dual space Z'.
2.2 3 D section of a measurable set

Fix P, , for NeN and N >3 Theset (IT,E )™ 2 =E,_,xE, ,xE, is called a three dimensional section of
measurable set TT._ E. = N(f) such that J.”f ST, L))o <14 (E),Z' > < .

3 Results
Proposition 1iet f:IT., ,G(R)—IT

Suppose the set ((€,,.€,1,€,): f(e,,,€,4,€,)>P) for P>0, is measurably covered by N(). If (IT._, ,

" X, be an integrable function with respect to T , < z&,Z'>.

E-) is a countable partition of a set ((e, ,,e, ,,€,): f(e, ,.€, ;,€8,)> F’)em2 for a fixed €, , € E, , such

that Hf ST, ) <6 (E),Z'><M for M >0, then <T (f),Z2'>=0

(QHINSYPP(D
Proof.Let N(f)=((e,,.e,,.€,):f(e, ,,e 1,6,)70) . It can be deduced from [2, p.18] that
(M, , i)e =TI ,E; for afixed €,, € E, ,. Since by hypothesis ((€, ,,€,,.€,): f(e, ,,€,4.€,)>P)

® N(f) and (HI . 2Ei)e is a countable partition of ((e, ,.€,4.,€,): f(e,,.€,.€,)> P) , it follows that

(HI n-2 i)e : | n- 1E ®(N(f)) :> ((en—z, en—l’en): f(en—27en—1’en) . P)en72 = Uk_lH'n n- 1Ek' for a

countable partition l_II - 1Ek_ of Hi:nflE In this case, H, b lE can be written uniquely as a countable union of

disjoint sets (see [3 p.5]).  Now, U, TT lE IT = P;( 0 <X, f. Let
Mi=p 45 Mi=p_4F

G(R) It follows  that

| n—l

(N(f ))en_2 =11, ,C, be a set in a O -ring
I, E Il .C. =II. EGI. .C. Let ,ui* be a vector measure definedon G(R,) for i=n-1, n
G

. By extension procedures and integral representation of the contraction of (£, ;X 4, as illustrated in [6], we have

P<T (f).2'> < [[f 80T, )y < a4 (E).Z'> <M P<T (f),2'>

(M 1o 4 (COE)

< [[t 6(TL, )0 <4 (CNE)Z'> <M = <T

(Hn Vo4 (C NE;

Hn =n 1)<I>'“| (GinE})

)(f),Z2'> < M/IP But E,cC, for
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1=n-1, n.Therefore, <T _ « (), Z2'>=MIP. As P> o, <T _ «_ (f),2'>=0

(Mizp o4 (§) Mizp o4 (§)
Proposition 2 tetfand f (n=1,2,...) for f, T be integral functions with respectto (IT"-, ,)q < 1,2’ >
such that N(f,) is measurably covered by N(f). If E, =N(g,)cN(f)—N(f,) for (n=1,2,....) and
i=n-2,n-1,n wenave [[[g, SUIL, ,)e <4 (E),Z">< g for £>0

Proof.Let N(f,) =((e,,.e, 1,€,): f. (e, 1.8, .,€,) #0) and N(f)=((e,,.€, 4.€,): f(e, .. € 4.€,)%0)
be measurable sets of finite measure.Since N(g,) = N(f)—=N(f,) for each n, it follows that g, ¥ 0 for each n.
Let E, ,=N(g,,) and A, be a countable partition of E, for i=n—2,n—-1,n. Now, A, T E, for
i=n—2,n-1,n(see [3 p.20]).Suppose N(g,,) = E, —ufﬂAki for i=n—2,n—1,n It follows that N(g,,)
I O since 0,, is integrable with respect to II. ), < ,ui*,Z' > (see [5]), = fo:l.[”-gnfl

S, Do <t (E,—A),Z'>=0 Let us vay the parttion Ak’ of Aki such  that

I, LA =u°j°:1u:’ :1Ag . It follows that X7 12k lj”gn L O, Do < 44 (B - AQ ), Z'><e. Let
A=ul, ufo:l Akjo_ :>”Ign L0 (I, Do <6 (E;—A),Z' >< &. Asshownin[3, p. 21], if we partition E,

into disjoint sets E; — A and A for i =n—2,n—1,n and apply the additivity property of multiple integral, we have

”J.gn S, e < i (E),Z' >= _[_”gn S, e <4t (A),Z'>. since A is a countable partition of
E, then ATE and A CE, for each isince E,=N(g,), g, ¥+ 0 for i=n—-2, n—1, n, and

n=1.2,. :jjjg ST, ,)e < 2 (A),Z'>=0, itfollows that ”jgng(n L e <1 (E),Z' ><e.

Proposition 3 Let IT_, ,E; be measurably covered by N(f,).If I ,C. isasectionof IT_ ,E. such that
C 4 @ for every countable partition Ck of C; for i=n—2,n—-1,n, then

jjjfa(n Lo <4 (E).Z'> = [[[1,6(TL, ,)e < 4 (E =C).2' > [[[£,6(TT, 5)e < 4 (C, -C, ),Z'>
Proof.choose >0 suchthat TT_, ,Ci = ((X, 5, X, 1,%X,): F(X, 5, X, 4, X,) > ). Since IT._ ,C, isa

E, then C; T E; for i=n—2,n—1,n. tet [[[f,5(T, ), <44 (E~C,),2'><z foral

section of H. P

n.Suppose we partition each E; into disjointsets E; —C, and C, for i=n—2,n—2,n.since IT_, ,E.ON(f)

Efn:ZHnnZ(E C)f”+Z“ f :Ijjf

, it follows that ZH"
i=n— 2 i

i=n-2
STy e < 45 (E),Z' >= [[[ 1,6, 5)0 < 4 (E =C),Z' > +[[ [ .61, )y < 44(C),Z'>.
Since Cki is a countable partition of C,, then C, can be expressed as a union of disjoint measurable sets E-C.

and C,  Therefore,

[[]t. 5(H, 2o <H(C).2>= (1.6 5)e < 4 (C,~C, ), 2 >+[[[F,6TL, ), < 14(C, ). 2'>.
By hypothesis, C, 4 @ It follows that H I f oM, ,)e < (C, ),Z'>=0.(see1,p. 2)).

mf S, 2)®<y. (C),Z2' >= ”jf (T, 5)e < #4(C;—Cy ),Z">. From the results above, we have

[[1f.6000, )0 < 2 (B). 2" >= [[[£,6(0L, ,)e < 24 (B —C).Z' > +[[ [ 1,600, ) < 4 (C, ~-C, ). Z'>
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Proposition 4 Letf be an integrable function. Suppose IT_ 2Ek is measurably covered by TT._  ,(N(f)), in
M., ,G(R) such that [ [ [f,8 (ITL, )e <44 (N(f)),Z'><M for M>0. it I, ,E, s a
countable partion of IT_ ,E, in TII. ,R such that Hi":n_z,ui(Eki) <Mlg , for £€>0 , then
M, EL, ,(N(P),

Proof.Let IT_, ,(N(f)), =((a,b,c): f(a,b,c) #0) eIT, ,G(R,). Suppose

I ,E =((ab,c): f (ab,c)>¢) and IT, ,E =((a,b,c): f(ab,c)>¢) aresetsin T, ,R;. Since
I, 2Eki is a countable partition of IT[_, ,E;, we have Eki 0 E, for i=n—2,n—1,n andeach K eN (see |3

p.20]).S0, IT" ,E. :ulel—li“:nszki. Hence, &y . - <X £ f,. Let ,uiN(f)_ be a vector measure
1I=n— I=n— .

defined on G(R;) for i=n—2,n—1,n. Since IT_ 2Ek is measurably covered by TT;_. ,(N(f)); for

i=n—-2,n-1,n wehave E, < (N(f)),.On application of extension procedures, we obtain
|

‘C’Hl n— Z'U'N(f) (E ) <J..“.f 5(H| n— 2)(1) <,U| (E ) Z > = ng n— 21u|

(N(F),"E) < [[[ 1,001, o < 5/ (N(F),NE, ), Z" > T ,ui (B ) < [[[£.6(TTL, ), < 44 (E, ). 2" >
By hypothesis, [ [[f,5(TL, ,)q <24 (N(),),Z'><M and I\, ,E_ OIT},,N(f),. Therefore,
&on e VS|[OS )0 <44 (E),Z'><M =TI, 1 (E, ) < M/e. since

i=n-2¢ (B, i i

MLLE = ULHL B wehave TTL 4 (E) < Mle = TIL ,EOTIL ,(N(f)),.

PI’OpOSition 5 Let H?n 2E- be measurably covered by Hin:n—ZFi . Suppose H?:nszi is a measurable set such that
| ne ZG CHn g 2(F E) If (a,, Ly I) f (a,, Ly |)2‘9) is a finite partition of Gi foreach | = n—z,n—l,nand neN

such that fn J/O,then | n— 2((a|,b|,Cl) f (a,, i I)Zg) is an empty set.

Proof.Let I ,G, = N(f),IT., ,E =TI ,((&,b,c): f,(a,b,c) >¢) and
M =max(f,(a;,b, I)):))( N f < f,. since f 10, itfollowsthat f, <My foralln. So

|n2| l_1|n2|

N(f,)c N(f)=II", ,G =X f. = f .(see[2,p.5])Since TT._, ,E; isafinite partitionof IT ,G,,it

M= _2Gi
follows that IT_. ,G; =TT._, ,((G, — E;) UE,) Following disjoint partition of TT._  ,G, (see [4, p. 6]) and on
application of measurable cover estimate technique, we obtain

[[[1.6GT., o < 4G, 2" >= [[ [0, )0 < 4G —E), 2" > +[[[f,6(TL, 5)0 < 44 (E)), Z'>.
since f. (a,b,c) <& on IT. ,(G, —E,),itfollows that J:”f S, ) < (G —E),Z'><¢
I i (G —E) <&, 1 (G)). Replacing I, ,G, with TTI_,E, in the inequality f, <My | , We

|n2G

obtain ¥ f,. <My . Therefore,
Hln n—2Fi " 1_[in n-2-i

[[JH.8(, )0 < 24(G), 2" >< AT, 41/ (G)+MITL, 41 (E,). since ITL, ,G, <ITL, ,(F,~E)

and I ,E.@II ,F. (by hypothesis), it follows that TT\_ s (G.)=0.Since f 1 0foreach n, it follows that

[[J1.6(T, 2)e < £4(G). 2" >=0. Therefore, TT, ,E, =TI1_, ,((&,b;,¢): f,(a,,b,¢) 2 5) = @.

Theorem 1 Let f, be an integrable function with respect to (IT\ ,), < 44 ,Z'>. For each & >0, the set
L. oA is measurably covered by IT_ ,E, = N(f,) if J.J.J.f ST, ) <t (E —A)Z' ><ce.
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Proof.Let IT_, ,E, =((a,b,c): f (a,b,c) #0).Then, X . f, < f, where 1 (E;)<oo for

|n2|

I=n-2,n-1,n. Let P, = Hi”:n_zAki be a countable partition of TT_, ,A such that for every countable partition
P :Hin:n—ZEki of IT_, LE, in IT_, ,G(R,) wehave P,®P. since TT_ ,A :ulel_[in:nszki and

., ,E =u, I, Ek_ , applying measurable cover estimate technique, we obtain

= 1jjjf O(ITL, ) < i (E —A ), Z' >< &l3. Consider the the partition P, = (IT,_, G tk=12,...) of
P-P =II., 2(E —A) such that I, LB —A)= ukzll_li”:nszki and

(P-P)GPR, I_”f ST, e < 4 (U, C, (E —A )),Z' >< &l3. Thereis a sequence

(P, e =TI, ;B of acountable partitions of Py, in IT},G(R)) suchthat TI\_ G =ialll, ,B, and
P.,OR. :>_”J‘f ST, L) < (U, B, —C, ) Z' >< 3. Therefore, L”f

S(IT, ) < 44 (B —A).Z’ ><z“mf5<n L) < (B -ADZ' >+ [[[fea,,
o < 44 (FCy, — (B, — A Z’ >+mfn6(ni:n,2)¢<ui (UiaB,, —Cy), 2" ><<
d3+d3+g/3_g:>“'_[f SN, D)o < 16 (E, —A),Z' ><&.
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