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Abstract 

The theory of vector measure has attracted much interest among researchers in the recent past. Available results show that 
measurability concepts of the Lebesgue measure have been used to partition subsets of the real line into disjoint sets of 

finite measure. In this paper we partition measurable sets in 
n  for 3n  into disjoint sets of finite dimension.  
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1  INTRODUCTION 

In this article, measurable cover estimate technique is applied to partition measurable sets. The utility of properties such as 
extension, countable additivity and contraction of the projective tensor product of vector measure duality is demonstrated. 
The process of partition requires that we vary all countable coverings of sets in a ring by sets in a  -ring. Sequences of 

monotonically increasing (or decreasing) sets and integrability concepts of strictly increasing (or decreasing) functions are 
considered. For notations and basic concepts used in this paper, reference may be made to [1, 2, 3, 4, 5, 6] 

2  Basic Concepts 

2.1  Projective tensor product vector measure duality 

Let nXX ,......,1  and Z be real Banach spaces with ZX i

n

i  1=:  being a continuous linear function. If 

111 : XR  ,........, nnn XR :  are countably additive vector measures, then the product i

n

i 1=  is a countably 

additive vector measure defined on the ring i

n

i R1=  generated by sets of the form nEE .......1 . Let 

))(),......,(( 1 nRGRG  be a set of  - rings generated by rings nRR ,.......,1  respectively. If the extension of the vector 

measure i

n

ii

n

ii

n

i XR 1=1=1= :    to a vector measure i

n

ii

n

ii

n

i XRG 1=1=

*

1= )(:    coincide with respect to a 

linear function ZX i

n

i  1=: , where ))(.,),........((= *

1

*

1 nn EEZ   for iii XE )(* , ni 1  and 

i

n

i X1=  is a Banach space, then >),(<)( *

1= ZEii

n

i
    is called the projective tensor product of vector measure 

duality between Z and its dual space Z  . 

2.2  3 D section of a measurable set 

Fix 2np  for n  and 3n . The set nnn
n

p

i

n

i EEEE  


12
2

1= =)(  is called a three dimensional section of a 

measurable set )(=1= fNEi

n

i  such that f >),(<)( *

2= ZEii

n

ni
   <  .  

3  Results 

Proposition 1Let i

n

nii

n

ni XRGf 2=2= )(:    be an integrable function with respect to >,< *

2= Zi

n

ni
   . 

Suppose the set )>),,(:),,(( 1212 Peeefeee nnnnnn   for 0>P , is measurably covered by N(f). If 
n

ni 2=( 

2
)

n
eiE  is a countable partition of a set 

2
1212 )>),,(:),,((




n
ennnnnn Peeefeee  for a fixed 22   nn Ee  such 

that f >),(<)( *

1= ZEii

n

ni
   M<  for 0>M , then 0>=),(<

)(*)
1=

(
ZfT

i
E

i
n

ni




 
 

Proof.Let 0)=),,(:),,((=)( 1212  nnnnnn eeefeeefN . It can be deduced from [2, p.18] that 

i

n

ni
n

ei

n

ni EE 1=
2

2= =)( 


   for a fixed 22   nn Ee . Since by hypothesis )>),,(:),,(( 1212 Peeefeee nnnnnn 

 )( fN  and 
2

2= )(



n

ei

n

ni E  is a countable partition of 
2

1212 )>),,(:),,((



n

ennnnnn Peeefeee , it follows that

,21=
2

2= (())((=)(
2 


 

 nei

n

ni
n

ei

n

ni efNEE
n i

k

n

nik
n

ennnnn EPeeefee 1=1=
2

121 =)>),,(:), 




   for a 

countable partition 
i

k

n

ni E1=   of i

n

ni E1=  . In this case, i

n

ni E1=   can be written uniquely as a countable union of 

disjoint sets (see [3 p.5]). Now, fPEE
i

En
nii

En
ni

i

n

ni
i

k

n

nik
1=1=

1=1=1= =







   . Let 

i

n

ni
n

e CfN 1=
2

=))(( 


  be a set in a  -ring )(1= i

n

ni RG  It follows that 

.1=1=1=1= i

n

nii

n

nii

n

nii

n

ni CECE    Let 
*

i
C
i  be a vector measure defined on )( iRG  for 1,= ni n

. By extension procedures and integral representation of the contraction of nn  1  as illustrated in [6], we have 

>),(<
)(*)

1=
(

ZfTP
i

E
i

C
i

n
ni





 

 f >),(<)( *

1= ZEi
i

C
i

n

ni
   M< >),(<

)(*)
1=

(
ZfTP

i
E

i
C

i
n

ni





 

 f >),(<)( *

1= ZEC iii

n

ni
   M<  >),)(<

(*)
1=

(
ZfT

i
E

i
C

i
n

ni





 

< PM/  But ii CE   for 
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1,=1 n n .Therefore, ./>=),(<
)(*)

1=
(

PMZfT
i

E
i

n
ni




 
 As P , 0>=),(<

)(*)
1=

(
ZfT

i
E

i
n

ni




 
 

Proposition 2 Let f and 1,2,....)=(nfn  for nf   be integral functions with respect to >,<)( *

2= Zi

n

ni
    

such that )( nfN  is measurably covered by )( fN . If )()()(= nni fNfNgNE   for 1,2,....)=(n  and 

2,= ni 1,n n , we have 
ng >),(<)( *

2= ZEii

n

ni
   <  , for 0>  

Proof.Let 0)=),,(:),,((=)( 1112  nnnnnnnn eeefeeefN  and 0)=),,(:),,((=)( 1212  nnnnnn eeefeeefN  

be measurable sets of finite measure.Since )()()( nn fNfNgN   for each n, it follows that ng   0 for each .n  

Let )(= 22  nn gNE  and 
i

kA  be a countable partition of iE  for .1,2,= nnni   Now, 
i

kA  iE  for 

nnni 1,2,=  (see [3 p.20]).Suppose 
i

kkin AEgN 

  1=1 =)(  for nnni 1,2,=   It follows that )( 1ngN

   Since 1ng  is integrable with respect to >,<) *

1= Zi

n

ni
    (see [5]),  11= 



 nk g

0>=),(<)( *

1= ZAE
i

kii

n

ni
    Let us vary the partition 

j

i
o

kA  of 
i

kA  such that 

.= 1=1=2=

j

i
o

k
o

kj
i

k

n

ni AA 

   It follows that 11=1= 



 n
o

kj g .><),(<)( *

1=  ZAE j

i
o

kii

n

ni
   Let 

11=1== 



 n

j

i
o

k
o

kji gAA .><),(<)( *

1=  ZAE iii

n

ni
   As shown in [3 , p. 21], if we partition iE  

into disjoint sets ii AE   and iA  for nnni 1,2,=   and apply the additivity property of multiple integral, we have 

ng nii

n

ni gZE   >=),(<)( *

2=  niii

n

ninii

n

ninii

n

niniii

n

ninii

n

niniii

n

ni gZAEgZEgZAgZAEgZAgZAE    >),(<)(>),(<)(>),(<)(>),(<)(>),(<)(>),(<)( *

1=1

*

2=

*

2=

*

1=1

*

2=

*

2=  .>),(<)( *

2= ZAii

n

ni
    Since iA  is a countable partition of 

iE ,then ii EA   and ii EA   for each i.Since )(= ni gNE , ng  0  for 2,= ni 1,n n , and 

0,>=),(<)(1,2,....= *

2= ZAgn ii

n

nin
    it follows that  ><),(<)( *

2= ZEg ii

n

nin
  . 

Proposition 3 Let i

n

ni E2=   be measurably covered by )( nfN .If i

n

ni C2=   is a section of i

n

ni E2=   such that 


i

kC  for every countable partition 
i

kC  of iC  for nnni 1,2,=  , then 

>),(<)(>),(<)(=>),(<)( *

2=

*

2=

*

2= ZCCfZCEfZEf
i

kii

n

niniii

n

ninii

n

nin
   

Proof.Choose 0>  such that ,,(:),,((= 12122=  nnnnni

n

ni xxfxxxC ).>) nx  Since i

n

ni C2=   is a 

section of i

n

ni E2=  , then iC  iE  for .1,2,= nnni   Let  ><),(<)( *

2= ZCEf iii

n

nin
   for all 

n.Suppose we partition each iE  into disjoint sets ii CE   and iC  for nnni 2,2,=  . Since )(2= ni

n

ni fNE 

, it follows that nn
i

Cn
ni

n
i

C
i

En
ni

n
i

En
ni

ffff 









2=

)(
2=2=

= 

.>),(<)(>),(<)(>=),(<)( *

2=

*

2=

*

2= ZCfZCEfZE ii

n

niniii

n

ninii

n

ni
     

Since 
i

kC  is a countable partition of iC , then iC  can be expressed as a union of disjoint measurable sets 
i

ki CE   

and
i

kC Therefore,

.>),(<)(>),(<)(>=),(<)( *

2=

*

2=

*

2= ZCfZCCfZCf
i

ki

n

nin
i

kii

n

ninii

n

nin
   

 By hypothesis, 
i

kC .It follows that 0>=),(<)( *

2= ZCf
i

ki

n

nin
   . (see [1, p. 2]). 

.>),(<)(>=),(<)( *

2=

*

2= ZCCfZCf
i

kii

n

ninii

n

nin
     From the results above, we have 

>),(<)(>),(<)(>=),(<)( *

2=

*

2=

*

2= ZCCfZCEfZEf
i

kii

n

niniii

n

ninii

n

nin
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Proposition 4 Let f be an integrable function. Suppose 
i

k

n

ni E2=   is measurably covered by i

n

ni fN ))((2=   in 

)(2= i

n

ni RG  such that nf MZfN ii

n

ni ><),)((<)( *

2=
    for 0>M . If 

i
k

n

ni E2=   is a 

countable partition of i

n

ni E2=   in i

n

ni R2=   such that  /<)(2= ME
i

ki

n

ni  , for 0> , then 

i

n

nii

n

ni fNE ))((2=2=    

Proof.Let )(0)=),,(:),,((=))(( 2=2= i

n

nii

n

ni RGcbafcbafN   . Suppose 

)>),,(:),,((=2= cbafcbaE n
i

k

n

ni   and )>),,(:),,((=2= cbafcbaEi

n

ni   are sets in i

n

ni R2=  . Since 

i
k

n

ni E2=   is a countable partition of i

n

ni E2=  , we have 
i

kE iE  for nnni 1,2,=   and each k  (see [3 

p.20]).So, .= 2=1=2=
i

k

n

niki

n

ni EE 



   Hence, .
2=2=

n

i
k

En
ni

i
k

En
ni

f






   Let 

*

)(
i

fN
i  be a vector measure 

defined on )( iRG  for .1,2,= nnni   Since 
i

k

n

ni E2=   is measurably covered by i

n

ni fN ))((2=   for 

nnni 1,2,=  ,we have i
i

K fNE ))(( . On application of extension procedures, we obtain 

*

2=

*

(
2=

*

)(
2= >),(<)()( i

n

ni
i

k
i

fN
i

n

nin
i

k
i

fN
i

n

ni ZEfE    

.>),(<)()(>),)((<)())(( *

2=

*

2=

*

2= ZEfEZEfNfEfN
i

ki

n

nin
i

ki

n

ni
i

kii

n

nin
i

ki
    

 By hypothesis, MZfNf ii

n

nin ><),)((<)( *

2=
    and .)(2=2= i

n

ni
i

k

n

ni fNE   Therefore, 

)
(*

2=
i

k
E

i
n

ni






./)(><),(<)( *

2=

*

2=  MEMZEf
i

ki

n

ni
i

ki

n

nin    Since 

i
k

n

niki

n

ni EE 2=1=2= = 



  , we have   i

n

niii

n

ni EME 2=

*

2= /)(  .))((2= i

n

ni fN  

Proposition 5 Let 
i

n

ni E2=   be measurably covered by 
i

n

ni F2=  . Suppose 
i

n

ni G2=   is a measurable set such that 

)(2=2= ii

n

nii

n

ni EFG  
. If )),,(:),,( iiiniii cbafcba  is a finite partition of iG  for each nnni 1,2,=  and n  

such that 0nf , then )),,(:),,((2=   iiiniii

n

ni cbafcba  is an empty set.  

Proof.Let ),,(:),,((=),(= 2=2=12= iiiniii

n

nii

n

nii

n

ni cbafcbaEfNG   )  and 

.)),,((= 11
2=

1 ffcbafmaxM
i

Gn
ni

iii 



  Since 0nf , it follows that 

i
Gn

ni
n Mf

2= 


   for all n. So 

nn
i

Gn
ni

i

n

nin ffGfNfN ==)()(
2=

2=1


   . (see [2 , p. 5]) Since i

n

ni E2=   is a finite partition of i

n

ni G2=  , it 

follows that ))((= 2=2= iii

n

nii

n

ni EEGG   .Following disjoint partition of i

n

ni G2=   (see [4, p. 6]) and on 

application of measurable cover estimate technique, we obtain 

.>),(<)(>),(<)(>=),(<)( *

2=

*

2=

*

2= ZEfZEGfZGf ii

n

niniii

n

ninii

n

nin
   

 Since <),,( iiin cbaf  on )(2= ii

n

ni EG   ,it follows that >),(<)( *

2= ZEGf iii

n

nin
    

).()( *

2=

*

2= ii

n

niiii

n

ni GEG     Replacing i

n

ni G2=   with i

n

i E1=  in the inequality 
i

Gn
ni

n Mf
2= 


  , we 

obtain .
2=2= i
En

ni
n

i
En

ni

Mf






   Therefore,

).()(>),(<)( *

2=

*

2=

*

2= ii

n

niii

n

niii

n

nin EMGZGf     Since )(2=2= ii

n

nii

n

ni EFG    

and i

n

nii

n

ni FE 2=2=    (by hypothesis), it follows that 0=)(*

2= ii

n

ni G . Since nf   0 for each n, it follows that 

0.>=),(<)( *

2= ZGf ii

n

nin
    Therefore, .=)),,(:),,((= 2=2=   iiiniii

n

nii

n

ni cbafcbaE  

Theorem 1 Let nf  be an integrable function with respect to >,<)( *

2= Zi

n

ni
   . For each 0> , the set 

i

n

ni A2=   is measurably covered by )(=2= ni

n

ni fNE  if  ><),(<)( *

2= ZAEf iii

n

nin
  . 
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Proof.Let 0)=),,(:),,((=2=   cbafcbaE ni

n

ni .Then, nn
i

En
ni

ff 



2=

  where <)(*

ii E  for 

.1,2,= nnni   Let 
i

k

n

nio AP 2==   be a countable partition of i

n

ni A2=   such that for every countable partition 

i
k

n

ni EP 2==   of i

n

ni E2=   in )(2= i

n

ni RG  we have .PPo  Since 
i

k

n

niki

n

ni AA 2=1=2= = 



   and 

i
k

n

niki

n

ni EE 2=1=2= = 



  , applying measurable cover estimate technique, we obtain 

/3.><),(<)( *

2=1=  ZAEf
i

k
i

ki

n

nink
 



  Consider the the partition 1,2,.....)=:(= 2= kCP
i

k

n

nim    of 

)(= 2=
i

k
i

k

n

nio AEPP  
 such that 

i
k

n

nik
i

k
i

k

n

ni CAE 2=1=2= =)( 



   and 

/3.><)),((<)()( 1=

*

2=  ZAECfPPP
i

k
i

k
i

kki

n

ninmo
 

   There is a sequence 

i
k

n

nik
i

k BP 2==)'(    of a countable partitions of mP   in )(3

1= ii RG  such that 
i

k

n

nik
i

k

n

ni BC 2=1=2= = 



   and 

/3.><),(<)(' 1=

*

2=  ZCBfPP
i

k
i

kki

n

nin
i

km
 

   Therefore, 
nf

n

nin
i

k
i

ki

n

ninkiii

n

ni fZAEfZAE 2=

**

2=1=

**

2= (>),(<)(>),(<)( 



   

.><),(<)(=/3/3/3

><<),(<)(>)),((<)

*

2=

1=

*

2=1=

*





ZAEf

ZCBfZAEC

iii

n

nin

i
k

i
kki

n

nin
i

k
i

k
i

kki
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