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Abstract: The aim of the study was to formulate a Time Series Model to be used in obtaining optimal estimates of miss-
ing observations. State space models and Kalman filter were used to handle irregularly spaced data. A non-Bayesian ap-
proach where the missing values were treated as fixed parameters. Simulated AR (1) data and corresponding estimated
missing values were generated using a computer programme. Values were withheld and then estimated as though they were
missing. The results revealed that simple exposition of state space representation for commonly used Time Series Models

can be formulated.
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1. Introduction

One of the unfortunate facts facing data analysts is miss-
ing data. Data that are known to have been observed erro-
neously can be categorized as missing. Erroneous data can
also wreak havoc with the estimation and forecasting of
time series models.

In the past, estimation of missing observations has been
considered among others by [1, 2, 3, 4, 5, 6]. In particular,
[7] and [8] developed state space method for dealing with
missing observations in the long- memory context. More
recently, [9] have given statistical analysis of incomplete
long-range dependent data and the application of these pro-
cedures to the analysis of the annual minimum water levels
of Nile River.

This paper addresses both theoretical and methodologi-
cal issues related to the estimation of missing observations.
Estimates are calculated by means of state space models
and Kalman filter.

2. State Space Models

The linear state space system is given by, 6,,, = a,0; +
Beber1, Ve = Ar-10; + Br_1v¢(2.1) where, 6, and y, are

p X 1 vectors, y, and v, are ¢ X 1 vectors, a,and 3, are p
X p matrices, and A, and B.are matrices of dimensions

p X p and g X q respectively {y,} represents the observed
time series, whereas a,, A, ;, B; are known matrices of
nonrandom function. The vectors {u,}, {v,} are independent
each being a sequence of independent normal random vec-
tors, having components with zero mean and unit variance.
In order to handle various deviations which may occur in
practice several generalization of (2.1) have been suggested.

In this paper we consider the model in (2.1) with random
coefficients. We allow the coefficients in (2.1) to depend on
past observations as follows;

ar=a(t,F)),pe = B(t.F) Ay = A(t - LFY,)
and B,_; = B(t — 1, F,), where F” denotes the o-field
generated by observationsup to time t.

We refer to (2.1) under this settings as the generalized
model. This generalized model encompasses some of the
non linear time series models that have been proposed in
the literature.

(i) ARCH models: Supposed that @, = a,A;_; = A

and B, = 0 so that,

Otr1 = ab; + Belies1, Yo = Ab,
This is the ARCH model described in [10]
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(i) Dynamic linear state space models: When{a,}, {8;}
and {B,} are constant matrices and A,_, is a matrix
of knownfunctions at t — 1 (i.e. A,_, is F, measur-
able) the generalized model (2.1) becomes,

0= ab + up,ye = A1 6 + ¢

Which is the state space model described in [11]

(iii) Doubly stochastic time series model (cf. Tj@stheim
(1986)) [12]: When a; = 1, B; = 1ppq = €141 —
&_, and B, = 1, then (2.1) becomes

Ori1 =0 + Uy, Yo = Ap 100 + g

This corresponds to the doubly stochastic time series
model

Orp1 =0+ e+ 64,y = Htf(t' Etjil) te,

considered in [13].

When(t, FY 1) = y,_4, this turns out to be a special case
of the random Coefficient Autoregression (RCA) model of
[14]. Moreover if we take, 6, = a;_16,_1 + Uy, y: = 6,
with a;_; = ¢ + mexp (—yy2_,) then the generalized
model (2.1) describes the exponential autoregressive model
of [15].

Theorem 2.1 This theorem gives prediction and fixed
point smoothing algorithms for the generalize model (2.1)

Letd, = E(B\F2,), Zc = E[(8; — 0.)(6, — 6) '\
=1y

Then,

ét+1 = atét + kelye — el

Lppq = ﬁtﬁtT + (ap — kA DZ(ay — kA )" +
ktBt—lBg—lkz
Where,k, = a,ZAT_[A;_1ZAL_, + B,_;BF_;]tand
Ve =E (yt\Ft{ 1); MTand M™* denote the transpose and the
pseudo inverse respectively of a matrix M.
Proof of this theorem is a straight forward extension of

results as presented by [16].
Theorem 2.2

Fort > t;, let ét].\t =F (Ht).\Fty)be the estimate of 0y,
base on the observations up to time t, ¥,be the covariance

matrix, ¥, = E [(Ht]. - @t) (Ht). - étl.)T \thil]anng =

~ AT

E [(9“—; N Htj\f) (gfi N Hfi\f) \Fty—l]
Then,étj\t = étj\t—l + Et(yt- - At‘—lé\t)' t> tj
Where k, = £,47_1[4;_1Z:A{_1 + B,1B{1]%,

it+1 = it[at - ktAt_l]T, E;—l = Zt fOI‘ t< tj andz; =
i, - SAT Kt >t

Proof of this theorem is a straight forward generalization
of results in [16] or [17].

This research used state space models methodology
which can handle irregularly spaced data. It also used the

Kalman filtering technique and a non-Bayesian approach
where the missing values were treated as fixed parameters.

3. Results and Discussions

Autoregressive conditionally heteroscedastic (ARCH)
type models and application to missing data

There are two different approaches of estimating missing
values in time series;

1. A Bayesian approach:Which uses Kalman filtering

technique.

2. A non-Bayesian approach: Where the missing val-

ues are treated as fixed parameters.

This paper uses the Kalman type recursive approach to
estimate the missing values by replacing them with normal
random variables. This type of approach may be viewed as
one which uses a prior for the parameter which replaces the
missing value.

3.1. One Missing Observation

Now we indicate an appropriate way to modify a given
non linear time series to reflect the fact that the observation
at time m is missing.Let {X,}be a time series in which X,,
is missing and X;, = {X;,X5, ..., Xppi1s o) Xy }

If we know the first two conditional moments E [X,,;\
Frrand varXe+1\ Ftx, then X741 can be written
asXq = E[Xe o  \FE] + X1 — E[Xe1 \FF1(D)

Suppose that the time series X; satisfiesE[X;,,\F{] =
a; 1 Xeand Xy — E[Xe ) \FE] = Beo1btess (2)

Where a;_, and 8,_; are F{*, measurable and {y,} is an
i.i.d. ~N(0,1) sequence. Then X,,; has ARCH representa-
tion.

Xev1 = Q1 Xe + Br1Mesr )

The restriction in (2) is introduced to apply the recursive
approach. Now we consider the estimation of a missing
observation as a parameter estimation problem in a particu-
lar formulation of the generalized model (2.1).

Orr1 = Q10 + Beallesr, Var[Xe  \FF1(4)

Ve = Ap 16+ Beqvy wWith Ay = 0,B; = LA, =
LLt+m—-1,B,=0,t#+m—1;

ThenY = (Xy, Xz, ), X1, Vi Xma1r Ximazo oo Xn ) s
the extended observed series. Here v, is a random variable
replacing the missing observation.

Such a formulation was also considered in Abraham and
Thavaneswaran (1991) [1]

Using theorem 2.1 and 2.2 we have equations,

ke = a1 ZA_1(Af_(Z + BE )  and Ty = B2 +
(@e—q — keAe1)?Ze + kEBE .

Substituting the values of A;, A;_;, Band B,_; gives

ke =ai4 (5

For t #+ m and
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Lppq = Btz—l (6)

Alsofort =m, k,, = A1 ZmAm—1 (A% 1Zm +
Bm—12+,

But A,,_, = 0, hence k,, = 0and 2,4 = B2_; +
(A1 — kA 1)2): + k2,B2,_,but k,, = 0 to give
Em+1 ﬁm 1+ (X lzm (7)

Where from (6) whent =m we haveX,,, = B2 _; so
that £, = B2,_,.

Substituting for X, in (7) we have £, = B3_; +

A 1Brm—2(8) ~ ~
Also from theorem 2.2 we have £,_; = Z. (-1 —
kmAm—1but £772=0 so that

$,.,=0 ©)

and £, ., =%, (@m_1 — kmAm_1)- But k,,, = 0so that
2:m+1 = z:]’na'rzn—l'also z:m - z:m = ﬁﬁl—Z'
Hence,%, 41 = af,_1 B2 (10)

We also have from theorem (2.2)§t].\t = ét]-\t—l +

k (J’t
Hm\t = Hm\t 1t k (Yt

Al 1§r) but in this caset = m and A, = 1 gives,
At_lét),and att=m+1

é\m+1)(11)

Since, 6, = y, = X;.To ﬁndém\m we have that ém\m =
E[0m\Fn] = E[(@m-20m-1 + Brn-2ttm)\Fa]

= am—zem—l = am—ZXm—l'

Next é\m+1 = E[9m+1\ y ] = [(am 20 +
Lm—1um+1\ Fywhich gives dmm—1=arm—16m and

O = App—20m_1 = A Xm_1-Combining this gives

gm\m+1 = gm\m + l‘Em+1(ym+1 -

§m+1 = Ap—1m— ZXm 1
Moreover, k, = £,A7_,[A,_ZAl_, + B,_{B]_,]*

k=2t
ke =3(12)
Since A;_y = 1,B;_4 = 0and att = m + 1(12) leads to

2
Am-1Bm—2
2 2
Bm—1t+®%m—1Bm—2

_ §m+1 _
km+1 - 5 -
m+1

from (8) and (10). (13)

Thus the estimate of the mth observation based on X,,,_;
[Xm+1 -

Am— 1Bm 2

iSX~ = X +—
M\mir T Tm=20me1 T g2 62 g2,

am—1am—2Xm—1(14)
This simplifies to

2 2
3 _ am—zﬁm—lxm—l + am—lﬁm—ZXm+1
M\m+41 2 2 2
ﬁm—l + am—lﬁm—z
Moreover, for a nonlinear model of the form

Xi11 = ¢X; + Usyq in which the mth observation X,
missing, the estimate of X, based on E , , is given by

X _ ¢X‘m—1
m\m+1 — 1+¢2X2 L
m—

[Xm—z + Xm+1]

Autoregressive models with deterministic time vary-
ing coefficient:
Model of the form

Xe —a(t,p)Xe—q = 1e (15)

have been found to be quite useful, in particular in signal
processing [18] as in 3.15, it can be shown that the estimate
Xm\m+1 of the missing observation based on F;, , is given
by;
X~ _ a(m + 1: ¢)Xm+1 + a(m: ¢)Xm—1
m\m+1 = 1+ a2(m+1,¢)

Bilinear models:
Consider the modelX — ¢pX = cu; + fX,_,u;
The estimation of missing observation, X,,,, can be ob-
tained by writing the model as X; = a;_,X;_1 + Br_2Us
Wherea,;_, = ¢ and ,_, = ¢ + $X,_,. Hence the esti-
mate of Xy, X\, = E[Xin\Fo, 1] and is given by
X~ — ¢.372n—2Xm+1 + ¢.372n—1Xm—1
M\m+1 B‘rzn—l + 4)253”_2

3.2. Two Consecutive Missing Observations

(a) The estimate of mth observation based onX,,, ,,.

We consider a slightly modified form of the model (3) in
which we let 82 = 02, Xpy1 = Qs Xp_q + Beplise

Here X,,, and X,,,,; missing ande, is F{*measurable. The
problem is to estimate X,,, based on the available data

X'n = (Xy, Xo, o X1, Xmaz s voer X )-

The corresponding state space model may be written as

Ors1 = Ap_10; + Bro1Mesr
X = A 416, (16)
Ve = A;10y + Be_qv;

Where 4,,_; = A,, =0,B,,,_1 = B,
t+xm;B,=0,t+mm-1

ThenY = (X1 Xz, ) Xm—1, Vi Xma1> X 20 -
the extended observed series.

Here v, is a random variable replacing the missing ob-
servation. By theorem (2.1) and (2.2) it can be shown that
fort+#mm+1,k; = a,_,and k,, = kyyq = kypy = 0.

Also from theorem 2.2 we have the following equations

=1, A, =1, for

Xy ) is

ke =S Acq[AZ ) + A1 Seps = Ep(@emy — keApoq)-

Hence we have k, = £,[£,]* = ? =1(17)
t

which givesE,,; = £,a,_; (18)
and because A,, = A4 = 0; B, = By,
1,B, = 0att # m,m+ 1 we also get

L=14, =

b

m = I‘Em+1 =0 (19)

It can be shown that £, , = a,,,_; ap_2B2_3(20)

We have from theorem (2.2) we have the following equa-
tion Oye = -1 + kt()’t - At—let)s

Which by taking expectation and simplifying gives

Omsz = am—lgmt1'6m+1 = A0 and 6, =

Am—30m_1 = Om_3Xm_1
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which combines to give

~

Omtz = A1 Om—2Am_3Xm_1-

Thus the estimate of mthobservation based on X,,, ,, is

B Xm|m+2 =
am—SXm—l + km+2 (Xm+2 - am—lam—zam—SXm—l )(21)

am—1am—2372n—3 (22)
ﬁrzn—1arzn—3ﬁrzn—2+“$n—1“$n—zﬁrzn—3
Hence (21)becomes,Xmm+2 = Am—3Xm-1 +

(Xm+2 -

But I‘Em+2 =

am—lam—zﬁ‘rzn—3
Ba— 1@ 1 B a0 1082 B3
am—1am—2am—3Xm—1,

Which simplifies to giveXm+2 =

0—’m—3(3%1—1a72n—13%1—2)xm—1“1271—1‘17211—2[”%1—3Xm+2/23)
Bi-10—1 B2+ @12 B3 )

Which is the required estimate of mth obser-
vation based onX,,,,,.

(b) The estimate of the (m + 1)thobservation based
on X, 0.

We estimateX,, , ; observation based on available
dataX; = (X1, Xz, ., Xm—1, Xon» Xms2» -, Xn ), where X,
is the estimate of X,,, from the previous steps.

The corresponding state space models becomes,

Ors1 = Ap—40¢ + Brslpsr
X = A 10, (24)
Ve = A;10: + Beqv;

In this case we have 4,, = 0,B,, = 1;and B, = 0,4, =
1 for t # m + 1. The extended data will be, Y =
(X1, X2, s X1, Xy Vi1, Xmazs or X )Where v,,,1a
normal random variable is replacing the missing observa-
tion. This estimate is now treated as if only one observation
is missing in the data.

Using theorems 2.1 we have the modified form as,

Zee1 = Bés + (@3 — ke A 1)?Z, + kEB{_jandk, =
ar_sZeAr_1[A7_1Z, — B 1]*, then

ke = ar 3Zi (2" = a;5 (25)

and T,y = Bf 3 + (a3 — k)?%,

But from (25) k, = a,_3, henceX,,; = B? 5(26)

Also from theorem (2.2) we have

ke =2 A 1[A} (T, — BE(]*and £,y = ¥ (a5 —
#tAr—17 Since, A¢=1, £t=0; ¢+ 72+1 then this be-
comesk, = X,[Z,]* = ?as in(17)and £,,, = 0(27)

t

Since A;_y = land k; = a;_5.

Settingt =m+1A4,, =0,B,, =1 weobtain k,,,; =0
(28)

and X, ., = B2, + a?_,%..,.But from(26) at t = m,
L2 = 37%1—3

Hence,

Zm+g_ = Brzn—g + af2Br-3(29)

and 2:m+2 = 2:m+2(afm—2 - km+1Am) at Am =
0, k41 = 0, we have;

thz = Am_2Zmeq a0 kg = 0.Also, 3,45 =

— — 2
am—22m+1 - am—22m+1 - am—Zﬁm—S

zm+2 = am—2ﬁ%¢—3 (30)

But att > t;, 0, = éf)’lt—i + ki(y; — 0,) since A, = 1.

In this case if welet t; = m + land t = m + 2 we
haveB i 1jmsz = Omarpmer + Kmsz (Vmez = Omarz)

VVhere’ém+1|‘m+1 = E[0m+1|Fn{+1] = E[(am—36m +
pm—=3um+1|Fm+1ly

Which givesfi1m+1 = Tm—3Km.

NextBy,., = E[0m+2|Fr31/+1] = E[(am—20m+1 +
Lm=2um+2| Fm+1y=am—2L6m+1| Fm+2y=am—26
m¥ddd,, ., = a,,_,0,, which combines to give 6,,,, =
Uy Q30 = Ay U 30— K> Oy = Xy since the
data has been observed up to time t = m.

Hence,

XAm+1|m+2 = am—SXm + Em+2(Xm+2 — Ap—20m-3 Xm) (31)

But I‘E — im+2 — Am—2 Brzn—3 (32)
ML T sse Bhootak oBh s

Replacing fork,,,, in (31) we obtainXy, 4 1jm+2 =

(Xm+2 —Ap—20m-3 XA‘m)

2
Am-2 Bm-3
2 2 2
Bm—2+m—2Bm-3

Simplifying this

givesXy 1im+2 =

Uz X +

aAm-3 (B'rzn—z))?m+am—zﬁ—r2n—3xm+2 (33)
Bin—2+am-2Bm-3

3.3. Three Consecutive Missing Observations

a) The estimate of mth observation based on X, 5.
The modified state space model is given by

Ors1 = Ar—30; + Br_zUpsr
X = A 10, (42)
Ve = Ae 10 + Beqv;

In this case we have three consecutive missing observa-
tionsX,,,, X;u4+1 and X, , for which we need to estimate X,
before we estimate the remaining two observations respec-
tively.The initial observation set is

X, = (X1, X2, oo, Xon—1 Xm43» - » Xn)- The extended ob-
served series is
Y =X, Xo, ) Xppo1,Vm, Xma3 s -, Xny wherev,, isa

normal random variable replacing the missing observation.
Usingtheorems 2.1 and2.2we have the modified set of
equations

ke = at—3ztAt—1[A%—1Ztﬁt2—1]+ (34)

and Loy = B3 + (@_3 — keAr_1)*Z, + kZBE_1(44)

In this caseA, ;1 = Ay, = Apy1 = 0, By = By, =
Bpuy=1LA, =1,B,=0;t #mm+1,m+2.

This implies thatk, = a,_sandZ.,, = B2 .

It can be shown that %, ,; = B2 _; a?_,B%_, +
2 2 2 2 2 2
am—lam—zﬁm—S + am—lam—zam—Sﬁm—ZL (35)

¥ — 2
and 2:m+3 - am—lam—zam—S.Bm—4-

We havetp,, ... = ém\mﬂ + K3 (J’m+3 - §m+3) (36)
7 Sm+s _
m+3 — Sm+3 -
2
Am-1%m—20m-3 Pm—a _ (37)

2 2 2 2 2 2 2 2 2
Bm-1+m—1Bm—2+Um—1%m—2Bm—3+Um—1%m—2®m-—3Bm—s
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Making successive substitution in (36) we get

Xm|m+3 =
am—4X‘m—1 +
am—1am—2am—3
Lm—42 Fm—12+am—12 Fm—22+am—12 am—22 fm—
32+am—12am—22 am—32 fm—42 Xm+3—am—1am—
2am—3am—4 Xm—1.

Simplifying this gives
Xm|m+3 =
am—4Lm—12+am—12m—22+am—12am—22m—3
2Xm—1+am—12am—22 am—32 Fm—42 Xm+3 fm—12
+am—12m-22+am—12am—22,m—-32+am—12am
—22am—32m—42(38)

(b) The estimate of (m + 1)th observation based on
Xm+3

This is treated as two missing observations as seen earli-
er the modified state space representations

are

Ors1 = Ap—40; + Brslpsr
X = A 10,
Ve = Ae 10 + Beqv;

(39)

The initial observation is
Xy = (X0 X2 o, Xm—1, Xy Xma3) o » X ), Wesee that
X4 and X, ., are missing hence, we need to estimate
Xm+1- Then the extended observed seriesis Y =
(X1, Xas s Xone1, X Vims1, Xmaz» -r Xn ), here X, is es-
timate of X,,, baseonX,, ,; andv,,,; is a normalrandom
variable replacing the missing observation.

Using theorem 2.1 and 2.2 as before we have.

Am = Am+1 = OﬂBm = Bm+1 = 1; At = 1; Bt = 0;
t+m+1m+2,k,=a,_sand

Zee1 = Bi4 (40)

Also k1 = kppys = 0.

Next we have £,,,, = B4_, + a%_3ZpqandS, o =
Bi-2 t Qi 2Zmy2

Hence Zpyp = B + i 2fms +
A2 —3Zm41(41)

From (40) att = m,%,,,, = B2_,, hence(41) becomes

Zmi3 = Prca + @ _oPs + a0t 3R (42)
From theorem 2.2 we have
ke = ?andit+1 =0.Als0 5y, = @354 andE 5 =
t

am—zit+2~ B
SothatX, 3 = py_rWm—3Z¢41 = A2 Wm—3Zms1
Wherezm+1 - B‘m —4-
Hence Et+3 = Uy O3 Pr—a(43)
Also, k, = §m+3
m+3
Where from equatlons (42) and (43) we getk
Am-20m— 3Bm 4
44
Bhi—2t @ B3t sk _3Bh - 4( )

Thenfejie = 0r;  + ke(ye = Aea0),t > 4 (45)

= so that,k,,,3 =

m+3 =

ButA;, =1and¢; =m+ 1and t = m + 3 so that,

On41)(46)

We have Opny1msz = E[Ome1lFmys] = E[(@m-a6m +
Bin-atm+1)| m+2] = Um- 4E(0m| +2) = Um- 49

But §,, = X,, since we have made an observation up to
time t = m hence,Op41jm+2 = Am-aXm.

Next,Bpi3 = E|[OmislFaia] = E[(@m—26miz +
Lm—=2um+3\| Fm+2y=am—26m+2

Oms1im+3 = Omeiimez + ks (3’m+3 -

Om+2 = Qm—39m-.|—1' Omi1 = Am-abm = a4 X and
these combines to give

Omi3 = Am—2Am-30mi1 = Am—2Am—3Am 40> Which
glves

9m+3 = Am—20m-—30m- 4X (47)

WhereX,,,is the estimate of X,,, obtained ealier in the
same section. Hence (46) becomes,

P

Xm+1|m+3 = Ap-gXm
+ km+3(Xm+3 — Om—20m—3%m—_s Xm)

= ?m—4 Xm
Am—20m - Sﬁm 4
+ (Xm+3
.Bm 2+am Z.Bm 3+am Zam 3.Bm 4
— Op—20m—3%m— 4Xm)

Simplifying this gives

2 2 52 Vg 102 o2 Q2
b _ Om-s(Bi—zt 0B —3)Rm+ a5 2 0% 3Bim-aXm+3
m+1m+3 —

2 2 2 2 2 2
Bm—2+m—2Bm-3+Am_2@m_3Bm—s

(43)

¢) The estimate of (m + 2)th observation based on
Xm+3'

This is treated as one missing observation
sinceX,,andX,,, ; has been estimated. Then we have the
new set of observations as

Xt = (X0 Xo o, Xonet, Koo Xmat X s
state space representations are;

X, )the new

Or41 = Ar_50; + BrsUisr
X = A 10,
Ve = A;10: + Beq vt

(67)

Then
XIIV = (XlﬁXZ' Xm 1 Xm'Xm+1' vm+2' m+3s ==t n) 18
the extended observed series. Here X,,, and X,,,, are the
estimates of X,,, and X,,,,; from the previous steps. v, is
a normal random variable replacingthe missing observation.
Inthiscase A2 =0,Bpyz =14, =1,B, =0;t #m+
2. Again from the theorems 2.1 and 2.2 we have

ke = a5, 21 = BE5(49)
kmiz =0,Zm43 = ﬁﬁm—3 + a%l—3zm+2 (50)

Settingt = min (49) we obtain X, ,; = B2 _sandX,,, =

Bri-a-

Hence, (50) now becomes X5 = B2_5 +
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An—3Bm-a(51) _
Also k, = ?so that, k43 = zm—” (52)
t m+3

kmiz = 0,Emi3 = Cm_3Emiz = Apo3Zimaa-
Thus, im_‘_g = am—313m—4(53)

- -3 Bin-
So that, k43 = m@@

Then, ét‘j|t = étjlt—l + ];t(yt - At—lét’)' t> tj (55)
But A, = 1latt; =m+ 2 and t = m + 3 so that (55)
becomes

§m+2|m+3 = §m+2|m+2 + I;m+3 (}’m+3 - ém+3)(56)

Thus, é\m+2|m+2 = E[9m+2|FnJ1/+2] = E[(am—49m+1 +
Lm—4um2| Fm+2 y=am—4 L6m+1| Fm+2y=am—46
m§ihce we have made an observation up to time t = m +
1 we havef,,,; = Xppq 50 that, Opioimsz = TmoaXinan.

Next, 043 = E[9m+3|FnJ1/+2] = E[(am—39m+2 +
Lm—=2um~+3| Fm+2 y=am—3 L6m+3| Fmn+2y=am—36
m¥Rat is, 0,5 = App_30m+230d 0,45 = Apy_yOpysqCOM-
bines to give

Omis = am—3(am—46m+1) = U3 Am-4Xmiz-

Hence (56) gives Xiniopm+s = Tm-aXimsr +
km+3 (Xm+3 - am—~3am—4 X‘m+1)'
Substituting for k,, ; we
2
Am—3 P-4
Br-stai_3Bha

haveXm+2|‘m+3 = Qg Xms1 + (Xm+3 -

am—3am—4 Xm+1
This simplifies to

2 o 2
PR am—4(5m—3) Xm+1+Am-3Bm—aXm+3
iveX, = 57

g m+2|m+3 B2 _.+aZ_.pZ_, (57)

We now list these models in order, to obtain the general

pattern of obtaining estimate of missing observation at any
stage. Hence we have;

2 2
1 X _ am—2(Bh—1) Xm—1+Am_1Bm—2Xm+1
mim+1 Bh-1+aF_1Bh—2
2. Xm|m+2 =
2 2 2 2 2
Am—3(Bm—1%m—1Bm—2) Xm—1+%m—10m—2Bm—3Xm+2

2 2 2 2 2 2
Bm-1+Am-1Bm—2+Am_1m_2Bm-3

% _ @m-3 (Bri—2) Xm + tm_2Bi—3Xm+2
mmr2 B2t @ oPms

3. Xm|m+3 =

2 2 2 2 2 2
Am—a(Bim—1%n—1Bm—2tAh— 1% _2Bh—3) Xm-1+Em-1Em—2Am-3

S-Xmm|m+s =

2 2 2 2 2 2 2 2 2 2
‘xm—(s+1)('8m—1+‘xm—1'8m—2+am—1am—zﬁm—3+"‘+‘xm—1am—2 -l m—(s+1)ﬁm—s)X

2
Im—-10m-2 ---am—sﬁm_(s+1)xm+s

2 2 2 2 2 2 2 2 2 2
Bm—1+m—1Bm—2 1 X2 Bm—zt -+ Xy ---am—sﬁm—(s+1)

Xm+(s—1)|m+s
_ am—(s+1)(ﬁ12n—s) Xm+(s—2) + am—sﬁﬁm—(s+1)Xm+s

:Brzn—s + arzn—sﬁrzn—(s+1)

The estimate of Xm+1|m+2 are the same as those obtained
by [2] and [19]. The approach in section 3 can only handle
some of the nonlinear models mentioned earlier. Let’s give
an example of AR (1) model with a constant conditional
variance, 2 = 2 and a, = ¢ (See [1].

In this case the estimates of the missing observations
X Xm+1r Xmaz» Xmezfor an AR(1) model from 1 up to S
missing values will be as follows;

1 X _ X1t PXm41
mim+1 — 1+¢2

= S(1+¢?)Xm—1+2X,
2. Xm|m+2 = ( 1)+$zj¢4 —

¢XAm + ¢Xm+2
1+ ¢2

Xm|m+2 -

3. X _ (1492 +0N)Xm_1+¢>Xm+3
m+2|m+3 — 1+p2+¢p4+¢6

¢(1 + ¢2)Xm + ¢2Xm+3
1+ ¢2+¢*

Xm+1|m+3 =

®Xm+1 + Q)Xm+3
1+ ¢2

Xm+2|m+3 =

S ¥ 01+ P +* 4 +026 DN L ) +B5 X 4
: Xm|m+s - 1+P2+p4+-+02S

o Q)Xm+(s—2) + Q)Xm+s
Xm+(s—1)|m+s = 1+ ¢2

Hence the general form of these sequences of estimates
is given by;

i—j-1 i

% _ @(Zr:]o (Z)ZT)Xm+j—1+®l Xma+i
m+jim+i — i-j o
Yoo 0%

(58)

Where j =0,1,2,...,s —land i = 1,2,3,...,sfor i > j.

An empirical study

In this section empirical study is carried out to illustrate
Bf}bﬁﬁﬁ@r%ults obtained in section three on simulated AR (1)

B2 +a2, B2 taZ, 102, Bl ataZ,_jaZ,_,aZ,_.p2,_,data. Some values are withheld and then estimated as

Xm+1|m+3
_ Am—yq (ﬁr%l—zarzn—zﬁrél—S) Xm + am—zam—Sﬁﬁl—4X‘m+3

2 2 2 2 2 2
ﬁm—z + am—zﬁm—3 + am—zam—Sﬁm—4

X _ am—4(ﬁ7gn—3) X‘m+1 + am—3ﬁr§1—4X‘m+3
mezimes Bz + @ sBma

though they were missing.

Simulated AR (1) data and corresponding estimated
missing values generated using formula (77) in section
three are compared.

Tables 1 and 2 and tables 4.1 and 4.2 gives actual data
and estimates of missing values for different values of the
parameter ¢ and initial value X,.

Estimation of missing observations on simulated AR
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(1) data.

AR (1) process is written as X, = ¢X;_, + e;, where e,
is a purely random process which is normally distributed
with mean zero and unit variance (i.e. e,~N(0,1), ¢ is
some constant given within the range |¢| < land X, is the
initial observation which we choose to determine the size
of the data.

Hence we have,

X, =Xy + e
XZ = ¢X1 + €z (59)
Xn = ¢Xn—1 + €n

We generated AR (1) data using a computer programme.
The general formula (58) in section three was then applied
to the simulated AR (1) data with several consecutive miss-
ing observations which were artificially created. Table 1.1
illustrates the missing values and their estimates and Tables
1.2 illustrate the same for different values of ¢ and X,.

If we set ¢ = 0.86 and X, = 100, we obtain the follow-
ing AR(1) data for the first 20 values.

Table 1. Eighteen consecutive missing values from position 2 to 19 with
their estimates.

t 3:::(2‘ )I(SR(I) ?;?eyith missing Estimated values
1 86.21399 86.21399
2 73.03785 - 74.11012
3 63.71109 - 63.69526
4 53.52442 - 54.73207
5 47.14499 - 47.01625
6 38.94666 - 40.37197
7 35.22709 - 34.6478
8 31.41615 - 29.71327
9 25.95318 - 25.45593
10 21.70792 - 21.77875
11 17.5829 - 18.59792
12 15.35208 - 15.84095
13 12.63766 - 13.44501
14 11.30084 - 11.35549
15 9.111297 - 9.524767
16 8.188405 - 791112
17 6.679135 - 6.477774
18 5.224529 - 5.192006
19 3.283825 - 4.024678
20 2.94902 2.94902

Positions of missing values Calculatedy? value Table value )(20'05’ a

2-19 0.53467 27.59

We generate other 20 different values of AR (1) with
¢ = 0.5and X, = 1000000 as illustrated in Table 1.2.

Table 2. Eighteen consecutive missing values from position 2 to 19 with
their estimates.

t Actual AR(1) Data with missing Estimated values

ta(X,) values
1 500000 500000
2 249999.8 - 250000
3 125001.2 - 125000
4 62500.23 - 62500
5 31250.01 - 31250
6 15622.97 - 15625
7 7809.437 - 7812.5
8 3905.664 - 3906.25
9 1953.414 - 1953.125
10 977.1117 - 976.5632
11 488.8349 - 488.2828
12 244358 - 244.1437
13 122.5056 - 122.0765
14 61.77014 - 61.04752
15 33.05295 - 30.54231
16 15.78969 - 15.30825
17 7.215367 - 7.728314
18 3.808213 - 4.012536
19 2.473077 - 2.303026
20 1.745028 1.745028

Positions of missing ~ Calculatedy® value Table valuey?® ...
values

2-19 0.27716 27.59

Chi-square goodness of fit statistics was calculated to
compare the estimated and actual values. Each of the chi-
square values were not significant for any reasonable level
of significance which confirms that the estimated values
agree well with the actual values.

4. Conclusions

Most methods developed for estimation of missing ob-
servations in time series Analysis, have been limited to the
case of one or two consecutive missing observations. In
this paper, we have employed the state space models which
can handle irregularly spaced data. Missing observations in
a Time Series can safely be treated as special case of such
data. In particular, we have extended the formula derived in
[1] to encompass the case where there are several consecu-
tive missing observations. In a special case, we apply the
formula on AR (1) model and it performs satisfactorily,
since it has only one parameter.
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