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QUESTION ONE (30 MKS)

(a). Define the following terms

(i). Diagonalizable matrix (1 mk)

(ii). Unitary matrix (1 mk)

(iii). Bilinear form (3 mks)
2 i—1 2i

(b). Prove that [—1; i 1. [ ] is a hermitian matrix. (2 mks)
—2i -f =3

(c). (i). Define the complex vectors u, v € C3as
u=(2+1i04-5i), v=(1+1i2+1i0).
Determine the Euclidean norms ||u|| and ||v]|. (4 mks)

(ii). Let C" be a complex vector space where u,v € C". If & and ¥ denotes the conjugates of
u and v respectively, showthatu —v = u — v. (3 mks)

(d). Let T: V — V be an operator whose characteristic polynomial A(t) = (t — 4)® and
minimum polynomial m(t) = (¢t — 4)3. Determine all possible Jordan Canonical

forms for T. (4 mks)
(e). Determine the matrices P and D such that D = P~ AP where A = [1 _32] (6 mks)
(f).(i). What do you understand by the term, a quadratic form? (2 mks)

(ii). Determine the definiteness of the quadratic form Q(xy, x5, x3) = 3x? + 2x3 + 3x3 —
2X1Xy — 2X2X3. (4 mks).

QUESTION TWO (20 MKS)
(a). Differentiate between algebraic and geometric multiplicity of an eigenvalue of a
matrix A. (2 mks)

(b). (i). What is symmetric matrix? (1 mks)



(ii). Orthogonally diagonalize matrix A =

zZ 2] (17 mks)

QUESTION THREE (20 MKS)

(a). Let A and B be an n X m and m X p complex matrices respectively. If A and B are complex

conjugates of A and B respectively, prove that A = A and 4B = AB. (5 mks).
(b). Prove that eigenvectors of a real symmetric matrix are orthogonal. (3 mks)
1 —i  —1+i
(c). Show that A = = ] 1. 1 4+ i | isa unitary matrix hence find its inverse.
la4i —141 0
(5 mks)
(d). (i). Define an orthonormal set of vectors in R™. (2 mks)

(ii). Prove that if A is an n X n orthogonal matrix, then the row as well as the column
vectors of A forms an orthonormal set in R™ with the Euclidean inner product. (5 mks)

QUESTION FOUR (20 MKS)

0 21 6

(a). (i). Define a nilpotent matrix hence show that N = 8 8 % g (3 mks)
0 00 O

(ii). Show that a matrix A is nilpotent if and only if all its eigenvalues are zero. (6 mks)

(b). Find the orthogonal change of variable that eliminates the cross product term in the
quadratic form Q(xy, x;) = 8x7 — 4xx; — 5x3 and expresses it in terms of new variables.

(6mks)

(c). Let U be unitary matrix. Prove that ||Ux|| = ||x|| hence (Ux, Uy) = {x,y) forx,y € R".

(5 mks)
QUESTION FIVE (20 MKS)
(a).(i). Differentiate between orthogonal and Hermitian matrix. (2 mks)
(ii). Prove that an orthogonal matrix is Isometric. (4 mks)

(b). Let A be an eigenvalue of a real n X n matrix B, and x the corresponding eigenvector. Show
that if 1 is also an eigenvalue of B and X is a corresponding eigenvector. (3 mks)



(c). Let P and Qbe linear transformations on complex vector space I/ such that P:V = V and
:V >V .Provethat (P + Q)" = P* + Q*and (PO~ = PP* (5 mks)

(d). Prove that the real matrix Q= & has the eigenvalues A = p + gi and if p and g are
q p .

not all zeros, then [p —q] _ [l)‘l 0 J [cos 8 —sin@

q p 0 |A|/lsin® coso ] where 6 is argument of A. (6 mks)



