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QUESTION ONE (30marks)

a). Define the following terms

i). An € — ball in a topological space (2 Marks)
ii). A topological space (3 Marks)
iii). A continuous function in a metric space (2 Marks)
iv). A quotient topology (2 Marks)
b). Prove that every finite set in a Hausdorff space X is closed (5 Marks)
¢). Define a cluster point hence show that any a € [0,1] is a cluster point. (5 Marks)

d). Prove that if f: X — Y is a continuous function between two topological spaces X and Y then
for every A € X, f(A) € f(A). (6 Marks)

e). Define a homeomorphism hence show that any linear function is a homeomorphism from R
the usually topological space on R to itself. (5 Marks)

QUESTION TWO (20marks)

a). Let X be a metrizable topological space and A c X. Prove that if there is a sequence of points
of A converging to x then x € A (closure of A) and the converse is true. (8 marks)

b). Consider the set ¥ = (0,3) U (4,8]

(). Find the closure of (0,3) in ¥ and in R. (4 marks)
(ii). Find the interior of (4,8] (2 marks)
(iii). Show that (0,3) is both closed and open. (6 marks)

QUESTION THREE (20marks)

a). (i). Let X = {a, b, ¢} form two topologies 7, and 7, such that 7; € 75. (4 Marks)
(ii). Prove that indeed 7, is a topology. (4 Marks)

¢). Let X be a topological space. Prove that the following conditions holds
i). ¢ and X are closed (2 Marks)
ii). Arbitrary intersection of closed sets are closed (5 Marks)

ii1). Finite union of closed sets are closed (5 Marks)



QUESTION FOUR (20marks)

a). Let (X, 7) be a topological spaces and Y € X such that 7y = {Y N U: U € t}. Prove that 7y is a
topology on Y hence, describe the basis of that topology with respect to that of 7.~ (10 Marks)

b). Consider the set Y = {e, f, g} and a topology on X defined by tx =
{¢,{f}.{g}.{e}.{e. f}.{g.f}.{g.e}.Y}.

(1). Find all neighborhoods of points e and g in Y. (4 marks)
(iii). Find all the cluster points of the set A = {g}. (4 marks)
¢). What do you understand by the usual topology on R. (2 marks)
QUESTION FIVE (20marks)

a). Let (X, ) a topological space where 7, = {U:U S X | X - U is finite . or all of X} Show
that 5 is a topology. (7 Marks)

b). Let X and Y be topological spaces and f: X — Y a function. Show that if for every closed set
B € Y the set f~1(B) is closed in X then f is continuous. (5 Marks)

¢). Define a Hausdorff space hence prove that any convergent sequence in a Hausdorff space has
at most one limit (8 Marks)




