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QUESTION ONE (20 MARKS)

a) Define the following terms
1.  Ring
ii. o —Ring
ii.  Algebra
iv. o — Algebra
v.  Family
b) Show that if f: X - Y and p is a o —Ring of subsets of X, then the class of all sets
B c Y suchthat f~(B)isinp,isac —Ring of subsets of Y
c) Show that if R is a ring of subsets of a set X, then M (R) =G(R)

QUESTION TWO (20 MARKS)

a) State the Lemma on Monotone classes (LCM)
b) Define the following terms
i.  Set function
1. Additive
iii.  Measure
iv.  Continuous from below
c) Show thatif R is aring and u is an extended real valued set function on R which is
positive, countably additive and satisfies the condition u(@) = 0, then u is a measure
QUESTION THREE (20 MARKS)
a) Show that if v is an outer measure, the class M of v-measurable sets is a ring
b) Let R be a ring, and suppose that Ky and p, are measures on the o —Ring G(R)
generated by R such that u;(E) = pu,(E) for all E in R. Assume moreover, that the
restriction of y; to R is o —finite, then show that U1 = Uy on G(R)

QUESTION FOUR (20 MARKS)

a) Define the following terms
1. Measurable space
ii.  Locally measurable
iii.  Measurable function f
iv.  Characteristic function

v.  Borel measurable



a) Show that if f: X — R is a function such that N(f) is measurable, then each of the
following conditions is necessary and sufficient for the measurability of f ;
i.  {x: f(x) < c} is locally measurable for each real number ¢
ii.  {x: f(x) < c} is locally measurable for each real number ¢

iii.  {x: f(x) > c} is locally measurable for each real number ¢

iv.  {x: f(x) = c} is locally measurable for each real number ¢

b) Show that if f and g are measurable, then f + g is also measurable

QUESTION FIVE (20 MARKS)

a) Show that if f and g are simple functions, ¢ is a real number and 4 is a locally

measurable set, then all of the following are simple

s i
ii. f4+g
ii.  |f]
iv. fug
v. fng
Y. 50
vil.  xaf
viii.  fg

b) Show that if f is a measurable function, c is a real number and ¢ > 0, then f N cis a
measurable function

¢) Show that if f is a measurable function, then there exists a sequence of simple
functions f, such that f,, converges to f pointwise on X, that is, f,(x) = f(x) for

each x in X. If moreover, f > 0 one canmake 0 < f,, T f




