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QUESTION ONE (20 MARKS)

a. Define the following

i.  Inner product (3 k)

ii.  Norm (> ok

b. Show that if {.) is a an inner product on the complex vector space V then [{x. ¥} <
(x,x)(y,y) forevery x,y € V (6 marks)

¢. Show that if (.) is an inner product on the complex vector space V then ||x|| = (r.xF
definesanormon V. (8marks)

QUESTION TWO (20 MARKS)

a. Define the following

1. Open and closed sets (3 mark)

ii. Convergence (2 mark)

iii.  Compactness (2marks)

b. Let (.) be an inner product on the complex vector space V, with corresponding norm ||. ||
Show that {x,y) = %Ef‘q:o i~™||x + i™y||*for every x,y €V (4 marks)

¢. Show that if T € B (H) is such that (x, Tx)=0 for all x € H then T = 0. (5 marks)

QUESTION THREE (20 MARKS)

a. Define the following

i.  Cauchy sequence (3 mark)

ii.  Bounded linear transformation (2marks)

b. Let Y be a subspace of the Banach space X. Show that Y is closed if and only if Y is
complete. (Smarks)

c. Show that A linear transformation T € L (H; K) is continuous if and only if there exists M
> 0 such that ||Tx|| < M||x|| for every x € H. (6marks)

d. Show that the set B(H; K) is a subspace of L(H; K) . (4marks)

QUESTION FOUR (20 MARKS)

a. Define the following

i.  Kernel and range (4 mark)
ii.  Orthogonal projection (2marks)
b. Show thatif T € B (H; K) then ker T is a closed subspace of H. (3marks)
c. IfD € H then D! is a closed subspace of H. (Smarks)
d. Show that If L € His a closed subspace of H then L = (L+)L. (6marks)



QUESTION FIVE (20 MARKS)

a. Define the following

1. Invertible operator 2 ok
ii.  Spectrum of an operator Imarks
b. Show that the orthogonal projection P. € B (H) and is such that P =P = P;.

(11 manks
c. LetT e B (H: K). Show that there exists at most one operator S € B (K; H) such that ST =
landTS=1 (3marks
d. letS€B(H;K)"and T € B(K; L) *. Show that the operator TS € B (H; L) *, with (TS) *=5§ T =
(Zmarks



