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TION ONE (20 MARKS)

a) Define the following
i.  Metric space
ii.  Conjugate component
iii.  Open ball

iv.  closed ball
v.  sphere

b) Show that LP is a Metric space
¢) Show that a mapping T of a metric space X into a metric space Y is continuous if and

only if the inverse image of any open subset of Y is an open subset of X

QUESTION TWO (20 MARKS)

a) Define the following terms

i.  Convergent sequence

ii.  Bounded sequence
b) Show that every convergent sequence in a metric space is a Cauchy sequence
¢) Show that the dual space of I is [

d) State the open mapping theorem
QUESTION THREE (20 MARKS)

a) Given f is a bounded linear functional on a subspace Z of a normed space X, show
that there exists a bounded linear functional f on X which is an extension of f to X
and has the same norm ||F|l, = |f]], where [[F|l, = sup |[F(0)lex. |Ixl] = 1
|If||z = sup |F(x)|rez, |1x]| = 1 and ||f]|Z = 0 in the trivial case z = {0}

b) Given X is a normed space and x; # 0 is any element of X, show that there exists a

bounded linear function f on X such that ||f|| =1 and f(xs) = |Ixsll

QUESTION FOUR (20 MARKS)

a) Given (T,) is a sequence of bounded linear operators T,,: X — Y from a Banach space
X into a normed space Y such that (||T,x||) is bounded for every x € X say ||Tnx|| 2
¢,, where ¢, is a real number. Show that the operator of the norm ]ITnII is bounded.

That is, there is a ¢ such that ||Tn|| 25 n=123

- - . W
b) Given (x,) is a weakly convergent sequence in a normed space X, say x, = X show



1. The weak limit xof (x

n) converges weakly to x
il

The sequence [1(x,)]] is bounded

QUESTION FIVE (20 MARKS)

a) Define the following terms
i Uniformly Operator convergent

1i. Strongly operator convergent

1ii, Weakly operator convergent

b) Show that an A-summability method with matrix 4 =

Lo limooy =0fork=17._

n—oo

(i) is regular if and only if

i 0L =
1 n_)rg Zk:l nk 0
1. Zz":l | Kokl < 7 for n=1,2 where r is a constant which does not depend on n




