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Question 1 (30 marks) — Compulsory

a) If the sets E; and E, are measurable, then their union is also measurable. Prove

(7 mks)
b) Show that the interval (a, o0) is measurable. (10 mks)
c) If M™ E = 0, then the set E is measurable. Prove (7 mks)
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Show that the function f is not lebesque integrable. (6 mks)
Question 2 (20 marks)

a) Show that if A; and A, are measurable subsets of [a, b], then A; — A, is measurable and
if A, € A; show that M(A; — 4;) = MA; — MA,. (5 mks)

b) A necessary and sufficient condition for a set A to be measurable is that for all £ > 0,
there exists an open set F containing A and a closed set B contained in A such that MF —
MB <e€. Prove (8 mks)
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Show that this function is Lebesque integrable but is not Riemann integrable.

(7 mks)
Question 3 (20 marks)

a) A necessary and sufficient condition for a bounded function f to be Lebesque integrable
over the interval [a, b] is that for each given € > 0, there exists a measurable partition P

of the interval [a, b] such that U(P, f) — L(P, f) < &. Prove. (10 mks)
b) Every bounded measurable function in the interval [a, b] is Lebesque integrable on that
interval, Prove. (10 mks)

Question 4 (20 marks)

a) Define the term Lebesque integral. (3 mks)
b) Let f be a bounded function on the interval [a, b], then for any two measurable partitions

of the interval [a, b), we have (P, f) = L(P,f) ;L f_ba fdx <L fa_b fdx. Prove
(6 mks)
c) Ifthe set F is measurable, then the absolute value of F is also measurable. (4 mks)

d) If f is measurable on the interval [a, b] and if K is real, then f(x) + K and Kf(x) are
also measurable. (7 mks)



Question 5 (20 marks)

a) Show that every bounded Riemann integrable function over the interval [a, b] is
Lebesque integrable and the two integrals are the same. (6 mks)

b) If the function f = ga.e and fis measurable then g is measurable. (5 mks)

¢) Show that if the function f(x) is measurable, then the set {x: f(x) = a}, aeRis
measurable for each extended real number a. (5 mks)

d) Show that every continuous function is measurable. (4 mks)




