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QUESTION ONE (20MARKS)
a) Let G be a finite group and F field. Explain what is meant by the following terms;
i. A representation of G over F
ii. An irreducible representation
iii. The degree of a representation
iv. Decomposable representation

b) Using the natural basis { vi, v2, v3 } write down the 3-dimensional permutation
representation of G = S3 (It is cnough to give the matrices on the gcnerators of

the group)
¢) State Marschke’s theorem

d) For this question, G is a group of order 20 with 5 conjugacy classes. Here arc the

first two lines of its character table

’ g2 g3 ga s
leel| I 4 5 5 5
A I I 1 I l
P I 1 i = i

i.  What are the dimensions (degrees) of the remaining representations of G?

justify .

ii. Find another 1-dimensional representation of G



QUESTION TWO (20MARKS)

a)

b)

d)

Given T as a representation;

i.  Define a T-invariant subspace

ii. Show that kerT(g) is T-invariant for all g €.

Let G be a finite group with two representations T and T/on V.,
iii. Define what is meant by T is equivalent to T!

iv. Show that if S and T are equivalent F-representations with characters x and

respectively then y = ¥,

Let G be any finite group, G={gq,.......... - gn} and V a vector space over a field
F. Choose an ordered basis {v,.,........ .. .V yand define T(gi)v; = vkif gigj = gk

- Show that T is a representation of G over V.
LetG=Ss;and X = {123

i. Find the (matrix) permutation representation of 53 (cnough to give the

matrices of the of the generators.

il.  What is the degree of this representation?

QUESTION THREE (20MARKS)

a)
b)

c)

d)

Define the term character of a representation T.
Show that characters are class functions

Suppose that the char F + |G|. If x; and y, are F- characters of G, Define the inner

product < x,x, >
Compute the character table of 83 the symmetric group.

Consider the class function ¢: Sz = Cdefined by ¢(e) = 4, $(12) = 0, p(123)=

-5. write down ¢ as a linear combination of irreducible characters of S3.



QUESTION FOUR(20MARKS)
a) Let G be a group acting on a set X. Define a transitive action.
State the orbit-stabilizer theorem

b) Let G be the alternating group A, c S,. There are 4 conj ugacy classes in A, with
representations I, (123), (132), (12)(34) and sizes 1,4.4,3 respectively.

i.  Find the number of irreducible representations and their dimensions (degrees).

il. x4:G — Cbe the function which is constant on cach cycle type and takes the
values x4 (1) = 3, x4(123) = x4(132) = 0 and x,((12)(34)) = -3. Using
the permutation character, show that y, is a char of A,. Prove that it is

irreducible.

iii. The character table now looks like

1 (123) (132} (12)(34)
1 4 4 3

X1 1 1 1 1

Xz & 0 0 | -1

X3 l a b c

X1 1 d g f

Use orthogonality relations to show that c = f. i.e find the values of c & £,




QUESTION FIVE (20MARKS)

a)

b)

<)

d)

What is meant by the character table of a group.
State the row and column orthogonality relations for a character of a representation

Let @ = {#1, +i, 4j, +k} be the Quarternion group of order 8 with the usual
relations —1% = 1, ?=j2 =k2 =1, jj = —ji=k jk = —kj = Lki =—ik=j. ¢
has 5 conjugacy classes viz I, -1, {LL=1}, §j,—j} and {k, —k}. Compute the

character table of @ . Find the centre of the group .
; . . 0 1
There is a representation of ®. p:@ = GLy(C) defined by p(i) = - O)’
& B

i.  Compute p(—1) and p(k)

ii. Show that p is irreducible .



