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QUESTION ONE (30 MARKS)

a). Define the following terms

(i) n-dimensional manifold (2 mks)
(ii). Tangent space (2 mks)
(iii). Diffeomorphism (2 mks)
(iv). Regular Value (2 mks)
(v). Proper map (2 mks)
b). Prove that the function f: R = R defined by x — x¥isa homeomorphism but not smooth.
(4 mks)
c). Prove that a subset of R™" is a manifold (4 mks)
d). Show that the map f(t) = (cost, sint) is alocal diffeomorphism but nota global
diffeomorphism. (4 mks)
e). Given that f: X — Y is a smooth map with regular value y € Y, prove that fl(y)isa
submanifold of X. (4 mks)
f). If the smooth map f: X = Y is transversal to a submanifold Z c Y, prove that the pre-image
Fi(Z)n 8 submanifold of X. (4 mks)
QUESTION TWO (20 MARKS)
a). Differentiate between immersion and submersion (4 mks)

b). Let Z be a pre-image of aregular value y € Y under the smooth map fiX =1 Then the
kernel of the derivative A To(X) Ty(Y) at any point x € Z is precisely the tangent space Z,

T.(Z) (5 mks)
b). A coneisnota manifold. Explain. (3 mks)
c). Define the term an embedding hence prove that an embedding f: X — Y maps X

diffeomorphically into a submanifold of Y. (8 mks)

QUESTION THREE (20 MARKS)
a). Consider a unit circle x2+y*=1
(i). Define the term chart hence suitably define four charts on the unit circle that covers its.
(4 mks)
(ii). Let T: (0,1) = (0,1) bea transition map. Define the map T in terms of two charts in (i)
above hence determine T(a) fora € L) (3 mks)
b). Prove that the dimension of the tangent space T, (X) is equal to that of the manifold X.
(5 mks)

c). Determine the tangent space to the paraboloid defined by x?+y?—z'=aat (Va, 0,0).

2|




(8 mks)

QUESTION FOUR (20 MARKS)
a). Consider acircle S’ = {(x,y) € R? : x* + y* = 1}.
(i). Define two parametrizations ¢; and ¢, that maps the circle to the subset (—1,1) of the

X axis. (2 mks)
(ii). Show that ¢, is locally invertible and its inverse is a projection on x —axis. (2 mks)
b). (i). When is a function f: X — Y transversalto a submanifold Z € Y? (2 mks)

(ii). For which values of a does the hyperboloid x? + y? — z* = 1 intersect the sphere x? +
y? + z% = a transversally? What does the intersection look like for different values of a?

(5 mks)

c). State the prove the Sard’s theorem. (6 mks)
d). Let f: X — Y be a smooth function. Define the critical values of f, hence use Sards theorem,
determine its measure (3 mks)
QUESTION FIVE (20 MARKS)
a). Define the differential df, hence express it in terms of the derivative of two
parametrizations to its domain and codomain. (4 mks)

: ¥ g .
b). Given thatX 5 ¥ and y - z?are smooth maps of manifolds. Prove that

d(g e f)x =dgsux) ° dfy. Use commutive diagrams for Illustration. (6 mks)

c). Let ST c Cbetheset{z € C : |z| = 1}. Defineamap F:S* » S* by z - z? wherez = x +
iy for i = v—1. Determine the differential df at i. (10 mks)




