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QUESTION ONE COMPULSORY (30 MARKS)

a) Define'the following

i_  Riemann-Stieltjes integral (3marks)
ii.  Bounded variation (3marks)
iii.  Uniform convergence (2marks)
iv.  Finite series (2marks)

0 if x is irrational

b) Show the function f defined by f(x) = { 1 if x is rational is not of bounded

variation on any interval. (8marks)

c¢) Suppose that {f,} is a sequence of continuous functions which converges uniformly
to fon I, show that f is continuous {4marks)

d) Show thatif nisan integer and X a positive number, then Inx™ = n Inx (4marks)

N-1_
e) Show that the series 1 +7 + P2 o oo gl =7 r; L (4marks)
QUESTION TWO (20 MARKS)
a) Define the following
i.  Partition (2marks)
ii. Lebesque integral (3marks)
iii. Integrable function (2marks)

b) Show that assuming F is an increasing step function on I so that
F(t) = T, al{t <t}
with tg = min(l) <ty <tz .. <ty = max(l) and a; = 0 and if g is continuous,
then [ g(x)dF (x) = YV g(t)a; (5marks)
¢) Suppose f:[a,b] = R is a function, let {x;|0 S = n} be a partition of [a,b] and let
{y;]0 £ i <m}be a partition of [a, b] such that {(x,J0gi<n} € {y;l0<i<m}

Show that X1, |f () — f(xi-0)| < 7 f ) = fOi-0) (8marks)



QUESTION THREE (20 MARKS)

a) State the monotone convergence theorem (4marks)

b) Suppose fpand f are functions defined on an interval J. If there exists a sequence (xy)

inJ such that |fn(tn) — f(xn)|# 0, prove that (f) does not converge uniformly to f

onj. (5marks)
¢) Show that if f is increasing on [a, b], then f is of bounded variation on [a, b] and
V(f,lab]) = f(b) — f(a) (4marks)
d) Show that the logarithm of a product of two positive numbers is the sum of their
logarithm : (4marks)
¢) Show that the infinite series Y, x™ converges if |x| < 1 and diverges if |x| > 1
(3marks)

QUESTION FOUR (20 MARKS)

a) Define the following

i.  Natural logarithm (2marks)
ii.  Convergent series (2marks)
iii.  Exponential function (2marks)

b) Suppose f, is a sequence of continuous functions defined on an interval / which
converges uniformly to a function f, show that f is continuous on J (5marks)

¢) If fisabounded function defined on [a; b] such that f is Riemann integrable, then f'is

Lebesgue integrable and  (R) f: f(x)dx = f{a,b] f(x)dx (5marks)
@) Shoe that the exponential of a sum is the product of the exponentials, that is
exp(a + b) = expa expb (4marks)
QUESTION FIVE (20 MARKS)

a) Suppose (f,) is a sequence of continuous functions defined on an interval [a,b] which

converges uniformly to a function f on [a,b] then show that f is continuous and

lim [? fulrydx = f; f(x)dx (6marks)
b) Assume that the sequence {f,} converges uniformly to g, show that {f,} converges
pointwise and that f = g (Smarks)
¢) State the Fatou’s lemma (4marks)

f) For x € R, the infinite geometric series ¥ .50 x™ converges if [x| < 1 and
1
TnzoX" =1 then a, = 0asn — (5marks)
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