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QUESTION ONE (20 MARKS)

a) Show that given f: X — Y and T is a g-ring of subsets of Y, then the class of all sets

of the form f~1(B) where Bis in T'is a o-ring of subsets of X (5marks)
b)
1. Show that given R is a o-ring and u is an extended real valued set function on
R which is positive, countably additive ad satisfies the condition (o) =0,
then u is a measure (5marks)
1i.  Show that given u is a o-finite measure on a ring R, then there exists a unique
measure [ on G (R) which extends . Moreover, (i is -finite and Z(E) =
W (E) forall Ein G(R) (Smarks)
¢) Show that given a; T @ and 8; T 8 then
L a+BiTa+p (3marks)
ii.  af;Taf f (2marks)

QUESTION TWO (20 MARKS)

a) Define the following terms (4marks)
i.  Measurable space
ii.  Locally measurable subset of space X
iii.  Measurable function
iv.  Characteristic function
v.  Boredmeasurable
b)
i.  Show that if f is a measurable function and ¢: R — R is a Bored measurable
function such that ¢(0) = 0, then the composite function @of is also

measurable (4marks)

ii.  Show that given f; is a sequence of measurable functions such that fa(x) 152
bounded sequence, for each x then the functions lim inf frn and lim sup f;, are

also measurable (4marks)




1. Show that if f is a measurable function, ¢ is a real valued number and ¢ > 0,
then f N c is a measurable function (4marks)
ii.  Show that if f is a measurable function, there exists a sequence of simple

functions £, such that £, converges to f pointwise on X, that is f, (%) = f(x)

for each x in X. If moreover f = 0, show that one can make 0 < RTT

(4marks)
QUESTION THREE (20 MARKS)
a) Define the following terms (Smarks)
L. Measure space
ii.  Limit superior of a sequence of sets
iii.  Limit inferior of a sequence of sets
iv.  Contraction
v.  Almost everywhere concept
b)
1. Given that f, - f a.e show that fn is fundamental a.e (3marks)
. Given that f;, - f a.e and Ja—>gaethenf=_gae (3marks)
iii.  Giventhat f, - f a.e and g is a ral valued function such that f=gae
then f,, —» g a.e (3marks)
c)
i.  State the Egoroff’s theorem (3marks)
ii.  State the Riesz-weyl theorem (3marks)

QUESTION FOUR (20 MARKS)

a) Define the following terms (4marks)
1. Simple function
ii.  Integrable function
iii.  Indefinite integral
iv.  Mean convergence
b) Show that given f, is a sequence of integrable functions such that Ih = Fiqn 8.6
(n=1,2,...) and [ f, du is bounded, then there exists an integrable function f such that
Jo T f ae. Necessarily, [fodu? [ f du. Indeed, ifh is any measurable function
suchthat f, - haethenh = fae, his integrable and [ f;, du T [ h du (10marks)



1v.

Vi.
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¢) Given f,, f, gn, g are integrable functions, c is a real number and A is a locally

measurable set. Assume that f, = f in mean and g,, = g in mean. Show that

(6marks)
cfn = cf in mean
fn + 9n = f + g inmean
|ful = If] in mean
fnYgn— fUginmeanand f, N g, = f N g in mean
f.t = ffinmeanand f,” = f~ in mean

Xafn = Xaf in mean

QUESTION FIVE (20 MARKS)

a) Show that if f;, is a sequence of integrable functions such that f, = 0 a.e and lim inf

[ fn du < co then there exists an integrable function f such that f = liminf f, a.c

and one has [ f, du < liminf [ f, du (6marks)
b)
i.  Showthatif f, g € L2 then (f|g) <Il f 11l g II> (3marks)
ii. Showthatif f,g € L2 then|l f+ g lI.<Il f ll,+Il g II2 (3marks)
iii.  Given that f, — f a.e show that f,, is fundamental a.e (3marks)
iv. Giventhatf,, = faeand f, = gae,thenf =gae (3marks)

¢) Given that f;, is a 2-mean fundamental sequence in £? show that there exists a

function fin £? such that f, — f in 2-mean (8marks)



