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QUESTION ONE (20 MARKS)

a. Show that if X is an inner product space then |[x|]* = < x, x >!? defines a norm on X.

(5 marks)

b. Show that in an inner product space, inner product is continuous (5 marks)

¢. Show that every inner product space is uniformly convex (5 marks)

d. Show that if T€ B(H) then there is a unique U€ B(H) such that < Tx,y > = <x, Uy>

forallx,y€H (5 marks)

QUESTION TWO (20 MARKS)

a. Showthatif TEB(H)and<Tx,x>=0thenT=0forallx€H (5 marks)
b. Show that the Hilbert adjoint T* is a bounded linear operator with || T*|| = || T||

(5 marks)

c. Show thatif M is a closed subspace of H then Pm is a projection having range M.
(5 marks)
d. Show that if M is a closed subspace of Hilbert space H and x€ H then there is a
unique element y€ M and z€ M+ suchthatx=y +z ( 5 marks)

QUESTION THREE (20 MARKS)

Let T, Ti, T € B(H) and a € C. Show that

a8, (s T*=Tr"+Tg" (4marks)
b. (aT)*=ao T* (3marks)
£ (LiTg* =T% " (3marks)
d. [IT*T| =T | (10 marks)




QUESTION FOUR (20 MARKS)

. Let Te B(H,K). Show that there exists at most one operator S € B(K,H) such that ST = |
and TS=1 ( 3 Marks)

. Let Se B(H,K)*and Te B(K,L) *. Show that the operator TS e B(H,L)*, with (TS)"!
=S-1T-l

(4Marks)
If Te B(H) is such that ||T|| < 1, show that I — T is invertible and the series
::0 T 14T+ T+ i, is absolutely convergent, its sum equals ( I — T)"! and
FI=T)* < (1)) ( 8 Marks )
. If Te B(H) is self adjoint i.e., T= T*, show that , (M= T|. (5 marks)
QUESTION FIVE (20 MARKS)
. If T e B(H)+ is invertible, show that T € B(H). ( 3Marks)

1
. Let T € B(H)* be invertible. Show that the square root 772 is invertible and

-1
I 1
(T—1)5 - ( Tg) . (5 Marks)
. If T e B(H;K) is invertible show that [Tle B(H)* (2marks)

. LetT e B(H)X. Show that T is invertible if and only if Tis uniformly positive
(10 marks)




