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QUESTION ONE (30 MARKS)(COMPULSORY)

(a) Define the following terms:

i. Measurable space (2 marks)

ii. Sigma-algebra (2 marks)

iii. Sample space (1 mark)

(b) Suppose that A, B € A. Show that u(B) = u(AN B) + u(B) (3
marks)

(c) Let {F; C R™:i € N} is countable collection of R”. Show that
W(UFR) < 3 1t (F)

(5 marks)

(d) State and explain briefly two types of measure (4 marks)

(e) State and prove the Monotone Convergence Theorem (5 marks)
(f) Differentiate the following

i. Probability space and probability measure (2 marks)

ii. Measurable space and Measure space (2 marks)

(g) Suppose X and Y are independent random variables. Show that

BIX|Y =y = E[X]

(4 marks)




QUESTION TWO (20 MARKS)

(a) What are Lebesgue measurable sets? (2 marks)

(b) Describe any two Lebesgue measurable sets (4 marks)

(c) If i is a o-finite measure on an algebra A of subsets of S. Show
that:

i. there exists an increasing sequence (5 marks)

ii. there exists a disjoint o-finite sequence (5 marks)

(d) Prove thatif 0 < f, — f almost everywhere and [ fodp < A < o0,

then f is integrable and [ fdp < A (4 marks)

QUESTION THREE (20 MARKS)

i. Let g, and g, be measurable functions on a common domain.
Show that each set {w: g1(w) < g2(w)}, {w: a1(w) = ga(w)}
and {w : g1(w) > g2(w)} is measurable (8 marks)

ii. Suppose f = ¥ iz;l4; is a non negative simple function, and
{A;} decomposed from S into F sets, show that

| fdu= S ain(A)

(6 marks)

iii. Let P,q,v € [l1,00] satisfy % +§ = 1. Prove that for all
measurable f and g defined oma space (X, A,p), we haven

[ fgllr < 1£111191lq (6 marks)



QUESTION FOUR (20 MARKS)

i. State and explain two properties of conditional expectation
(4 marks)
ii. Let X- N(u,0), obtain the characteristic function of X;
hence use it to derive the mean and variance of X (10 marks)
iii. A random sample of 32 is taken from a population whose pdf
is given by

S
Lp—3¢ 1

f(IE) = {3:)therwise

Use CLT to compute the approximate probability that the
mean of the random variable will extend 2.4 (6 marks)

QUESTION FIVE (20 MARKS)

i. State Fubini’s theorem (2 marks)
ii. Find the integral f(z,y) = z? + y*, on the domain D =
{(z,y) eR?2:0<z< 1,22 <y <z} (8 marks)

iii. If the sequence {B,} is of independent events and }_ ,Pr { B, } = cc.
Show the probability that B, occurs infinitely often is one.
(10 marks)




