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ANSWER QUESTION ONE AND ANY OTHER TWO QUESTIONS

QUESTION ONE (30 MARKS)

1. (a) 1. What are Lebesgue measurable sets? (2 mks)
ii. Describe any two Lebesgue measurable sets. (4 mks)

(b) Show that if A and B are subsets of E such that u*(A) and u*(B)
are both finite then, |u*(A) — p*(B)| < p*(AAB)

where (AAB) := (AB°) U (BA®) (5 mks)

(c) If i is a o-finite measure on an algebra A of subsets of S. Show
that:

i. there exists an increasing sequence and (4 mks)

ii. there exists a disjoint o-finite sequence. (4 mks)

(d) If A C B, show that u*(A) < u*(B). (3 mks)

(e) Provethatif 0 < f,, — f almost everywhere and [ f.du < A < o0,

then f is integrable and [ fdu < A (3 mks)

(f) State and briefly explain any two types of measures on the inter-

vals over the real line. (5
mks)



2,

3.

QUESTION TWO (20 MARKS)

(a) Let {E; C R":i € N} is countable collection of R". Show that

pH(URE;) < p'(E)

i=1

(5 mks)

(b) Let fxy(z,y) = £(@?+3?) if 0 <z < 2,1 <y < 4 and zero

otherwise. Find P(X +Y > 4) (5 mks)

(c) Suppose A and B are independent events in the sample space.

Show that A° and B are independent. (5 mks)

(d) Prove that every monotone function is measurable. (5 mks)

QUESTION THREE (20 MARKS)
(a) Find the integral f(z,y) = 2* + y°, on the domain
D={(:c,y) ER2:O<$<1,$2<y<$}
(8 mks)

(b) Suppose f = ¥ izila: is a non-negative simple function, {A:}
being decomposition of S into F sets, show that

[ fan= > ainl(4)

(6 mks)

(c) Let r,s,t € [1,00] satisfy 14+1= ¢ Prove that for all measurable
f and g defined on a space (X, A, 1), given || fglle < [I1l-Ilglls (6
mks)
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QUESTION FOUR (20 MARKS)

(a) State and explain two properties of conditional expectation (4
mks)

(b) Find the mathematical expectation of a random variable with (9
mks)

i. uniform distribution over the interval [a, b]
ii. triangle distribution
iii. exponential distribution

(c) Show that if {f.} is a sequence of non-negative measurable func-
tions, and {fn(z) : n < 1} increases monotonically to f (z) for each

z then ¥
im
s [, fn(@)dm = [ fdm
(7 mks)
QUESTION FIVE (20 MARKS)
(a) State Fubini’s theorem (2 mks)

(b) Let f; and f, be measurable functions on a common domain.
Show that each set {w : fi(w) < fo(w)}, {w: fi(w) = fo(w)} and
{w: fi(w) > f2(w)} is measurable (8 mks)

(c) Suppose {B,} is sequence of independent events and ¥ . Pr {B,} = o0c.
Show the probability that B, occurs infinitely often is one. (10
mks)



