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Question 1{20marks]

(a) Construct Crank-Nicolson implicit finite-difference scheme as applied to the
second order linear parabolic partial differential equation

du tu

— =2y —, a<x<h, >0 w>0

ot ox”

subjectto u(0,1)=«a, u(l.y=¢ >0

and u(x,0)=sindzrx asx<b. [10 marks]
(b) Determine the stability condition for the Crank-Nicolson implicit finite-difference scheme

in part (a) above [10marks]

Question 2 [20 marks]
(a) Use a discriminant A theory to categorize ; elliptic, parabolic and hyperbolic partial differential equations
given below.
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(b) Let y= y(x), u=u (x,!) be real valued smooth continuous differentiable functions
2
(i)Derive the finite difference approximations to the derivatives é—'}i , @— ; E;—
dt ot ox
[6 marks]
(ii) Give the leading truncation error term in each case. [4 marks]

Question 3 [20marks]

(a) Construct an explicit finite-difference scheme as applied to the nonhomogenous parabolic equation

LY 0<x<l,  0<r<0.5

ot Ox

subjectto u(0,¢)=u(1,1)=0 0<1¢

and u(x,0)=x(1-x)+sin7x 0<x<I10. [5 marks)

(b) Obtain a molecular formula for problem (a) above applied to the solution grid over region

W ={(x.r):0<x<10,0<r} with; h = Av=2:k = Ar=0.001.

State the stability condition for the molecular formula employed. And hence compute, the numerical solutions
U, : forthe three time levels j = 0L 2. [15 marks]

Question 4 [20marks]

Given the wave equation
LI 40()@_”;,

or ox*

subject to boundary conditions u(0,1) = u(l,t) =0 fort>0

and initial conditions u(x,0) = sin(27rx), U, (x,O) =0, Oxx<l, r=0.h=4&x ,i=0.

(a) Construct the explicit finite difference scheme to it. [8 marks]

0<x<l, t>0



(b) State the stability of the explicit finite difference scheme in part (i) above. [2 marks]
(¢) Compute the approximations U, , ; j = l(ﬁrst —time level) ,i1=0,1,2,3,4,5. to the exact solutions

u(x,,If) uging A=Ax=02, b=Ar=005 h=8x. [10 marks]

Question 5 [20marks]|
On the square D = {(x, y)i0gxg) 08 L 2} consider the Dirichlet problem for the Poisson’s equation,

U 98 10D
ox” oy

= g(x,y) on S

(a) Use finite difference method with equal mesh spacingh=Ax=Ay = %, defined on D to discretize the

Dirichlet problem, assuming. g(x,y) =0onS. [15 marks]

(b)Show that difference scheme takes the form AU = B : 4 ,real, symmetric matrix.

Deduce that the numerically computed solution U is unique [5 marks]

Question 6 [20marks]

Consider the two-dimensional diffusion equation

o | CE B 0<x<4 ,0<y<4, 150
ot ox®  oy°

subjectto u(0,y.1) =u(4,y.1)=u(x,0,1)=u(x,4,)=20 for t>0

and u(x,y,0)=x+y at =0.

(i) Construct alternate implicit finite difference schemes to it. [16 marks]
(ii) Determine the stability of the alternate implicit finite difference schemes in part (i) above. [4 marks]



