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Question One:(30 marks)

(a) Define the following terms:

(i)Refinement of a partition. [2 marks]
(i) Function of a bounded variation. [2 marks]
(1)Step function. [2 marks]

(b) The partition P, of [0,1]is given by {0 < 2 < 2 < ... <=l <1} If
f(z) = 3, find:

(i) Sp, (f) [2 marks]
(i) Sf—‘in(f ) [2 marks]
(iii) [, f(z)dz [1 marks]

(c) Show that the Dirichlet function defined by f(x) = 1 for all z € [0, 1] is
rational and f(x)= 0if z € [0, 1] is irrational is not Riemann integrable.
[4 marks]

(d) If f : [a,b] — R is continuous on [a,b]. Show that f € R[a,b]. (5
marks]|

(e) Let f : [a,b] — R be a function of bounded variation. Show that
v(f.[a,b]) = 0 if and only if { is a constant on [a,b]. [5 marks|

(f) Show that if a,, > 0 and a,41 > a, for all n, then Y oo i Gy converges if
and only if 52, 2Fag« converges. [5 marks]

Question Two:( 20 marks)

(a) Discuss the pointwise convergence of the sequence of functions (z"). (6
marks|

b) Show that if o is non- decreasing and f, are Riemann - Stieltjes inte-
g
grab]e with respect to a, then:

/ﬁb(f%-g)da:[tbfda—kfabgda

[6 marks]



(c) Let f: [a,b] — R be a function, {z; : 0 < i < n} be a partition of [a,b]
and {y, : 0 < i < m} be a partition of [a,b] such that {z; : 0 < i <
n} € {y:i: 0 <i<m}. Show that:

D1 f@) = flaim) Z vic1) |

[8 marks]

Question Three: (20 marks)

(a) Prove that if p* is a refinement of partition p, then I(p, f, @) < I(p*, f, @)
and u(p, [, a) = u(p*, f,a). [8 marks]

(b) Show that a sequence f, of bounded functions on A C R converges uni-
formly on A to fif and only if ||f, — f|| — 0. [5 marks]

(c) If {E, :n € N} is a pairwise disjoint collection of members of lebesgue
measurable set, then show that for any X C R.:

m*(X N (U2, E;)) Zm (X NE)

[7 marks]
Question Four:(20 marks)
(a) Show that a function defined by
o = O'when:zj"igrati('mal -
lwhenzisirrational
is not Riemann integrable [6 marks]

(b) Prove that if f is increasing on [a.b] then v(f, [a,b] = f(b) — f(a). [6
marks|



(c) Consider the partition P, of [0,1] given by {0 < + < 2 < ... <
=l < 1}.
If f(z) = 2%, find:
(i) Sp, (f) [2 marks]
(ii) Sp,(f) (2 marks|
(iii) fol f(z*)dx [2 mark]

Question Five: (20 marks)

(a) Prove that any function is Riemann integrable if and only if for a given
e > 0, there exists a partition P such that

lU(P,f)_[(P,f) |<E
[7 marks]

(b) Show that every continuous function is integrable. [7 marks]

(c) Let {f.} be a sequence of continuous functions. If {f.} converges uni-
formly to [on [a,b] then show that f is continuous and lim, — f: Jali g =
f(? S (x) [6 marks]



