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Question One:(30 marks)

a) Carefully define the terms with respect to a metric space: (i) Limit
p
point (i) Compact set  (iii) Point of contact (6 marks]

(b) Show that if (X, p) is a metric space then (z,) is a sequence of points
which is Cauchy then (z,,) is bounded. [5 marks]

(c) Let (X1, p1)(Xs, p2) be metric spaces.If X = X, x X, and p is defined
on X; x X3 by

P{(X1, X2), (Y1,Y2) = p1(X1, Y1) + pa( X1, Ya)}

Show that (X, p) is a metric space. (8 marks]

(d) Show that for any subset E of a metric space (X, p), E° is an open set.
[5 marks]

(e) Show that a set X in a metric space is compact if and only if every
infinite subset of X has at least one limit point in X. (6 marks]

Question Two:(20 marks)

(a) Show that if M and N are subsets of X and (X, p) is a metric space, then
M C N implies that M C N4 . [4 marks]

(b) Prove that if (X,)) and (Y, p) are metric spaces, then a function f :
X — Y is continuous at the point z € X if and only if for any open
neighbourhood V of f(x) in Y, there is a neighbourhood of U of x such
that f(U) C V. [6 marks]

(c) Show that every converging sequence in a metric space (X, p) is a Cauchy
sequence. [5 marks]

(d) Show that every open neighbourhood in (X, p is always open with re-
spect to the metric space. [5
marks|



Question Three:(20 marks)

(a) Let (X, p) be a metric space and E # @ C X. Prove that a point y is a
point of contact of E if and only if there is a sequence (x,,) of points in

E such that z, converges in (X, p) to y. [7 marks]
(b) Show that E = E(J E°. (6 marks]
(c) (i) Define the term closed subset in a metric space. (2 marks]
(i) Show that a set E is open in (X, p) if and only if E° is closed in
(X,p) . [5 marks]

Question Four:(20 marks)

(a) Let A be a fixed non empty subset of a metric space (X,d). Show that
the real-valued function f defined on X by f(z) = D(z, A) is continuous.
[5 marks|

(b) Let (X, p) be a metric space and E be a subset of X. Show that a point
a € X is a limit point of E with respect to (X, p) if and only if every
neighbourhood N(a), contains infinitely distict points of E. [7 marks]

(c) State and prove Cauchy- Schwarz inequality . [8 marks]

Question Five: (20 marks)

(a) Show that if (X, p) is a metric space, then no sequence in X can converge
to more than one point. [5 marks|

(b) (i) Define the term complete metric space. [1 mark]
(ii) Let X be a non-void set and define the function p on X x X by
plz,y) = 1if and only if x # y and p(z,y) = 0 whenever x = y. Show

that (X, p) is a metric space. [8 marks|
(c) (i) Define the term interior point of a set in a metric space. (2
marks] (ii)Let (X, p) be a metric space. Show that @) and a set X are
always open in (X, p). [4 marks]



